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ABSTRACT 

SU (2) gauge theory coupled to massless fermions in the adjoint representation is 
quantized in light-cone gauge by imposing the equal-time canonical algebra. The the- 
ory is defined on a space-time cylinder with "twisted" boundary conditions, periodic 
for one colour component (the diagonal 3- component) and antiperiodic for the other 
two. The focus of the study is on the non-trivial vacuum structure and the fermion 
condensate. It is shown that the indefinite-metric quantization of free gauge bosons 
is not compatible with the residual gauge symmetry of the interacting theory. A 
suitable quantization of the unphysical modes of the gauge field is necessary in order 
to guarantee the consistency of the subsidiary condition and allow the quantum rep- 
resentation of the residual gauge symmetry of the classical Lagrangian: the 3-colour 
component of the gauge field must be quantized in a space with an indefinite metric 
while the other two components require a positive-definite metric. The contribution of 
the latter to the free Hamiltonian becomes highly pathological in this representation, 
but a larger portion of the interacting Hamiltonian can be diagonalized, thus allowing 
perturbative calculations to be performed. The vacuum is evaluated through second 
order in perturbation theory and this result is used for an approximate determination 
of the fermion condensate. 
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• X denotes space-time cohordinates ; = x and yp = t are the corresponding 
space and, respectively, time components. 

• Light-cone cohordinates are often used : 

t — X _,_ t + x 

_ d _ do-di _ d _ do + di 

dx-~ ^ ' dx+~ ^ ■ 

• Greek indeces are Lorentz indeces while Latin indeces are colour indeces. To 
avoid confusion when the symbols + and — are used as both Lorentz and colour 
indeces, it may help to remember that colour indeces are always upper indeces. 
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Chapter 1 
INTRODUCTION 

The vacuum of QCD is believed to contain a condensate of quark-antiquark pairs 
with opposite helicities and a net chiral charge. This is a sign of spontaneous breaking 
of the chiral symmetry. The complexity of realistic field theories like QCD makes it 
convenient to investigate simpler models with analogous features. A great simplifica- 
tion can be achieved by considering theories in one space and one time dimensions. 
Because of the absence of transverse dimensions, there is no spin in two dimensions 
and the chiral nature of massless fermions refers to their direction of motion. The 
simplest model possessing a non-trivial vacuum structure and a chiral condensate 
(given by the nonzero vacuum expectation value of the operator i/jiIj) is the Schwinger 
model [T|, which is the two-dimensional version of QED with massless fermions, an 
exactly soluble abelian theory. It is interesting to consider the more complex case of a 
two-dimensional QCD model. It is known that in non-abelian theories in two dimen- 
sions a complex vacuum structure, reminiscent of the 6'-vacuum of QCD, is present 
when the Fermi field transforms according to the adjoint representation of SU{N) 
j2] [3] j3] . Nonvanishing chiral condensates have been found for two-dimensional Yang- 
Mills theories with adjoint fermions j3] jH] JI]. We shall use the canonical Hamilto- 
nian formalism to obtain a perturbative evaluation of the vacuum and the condensate 
for SU{2) gauge theory coupled to massless fermions in the adjoint representation. 
The quantum Hamiltonian will be determined after quantizing the fields in a Fock 
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space at t = 0. The theory will be studied on the space interval —L < x < L 
with "twisted" boundary conditions |H] 0, periodic for one colour component (the 
diagonal 3-component) and antiperiodic for the other two. Compactifying the space 
dimension leads to a discrete set of allowed momenta , which provides a regularization 
of the infrared divergences affecting two-dimensional theories. The gauge condition 
that will be used to quantize the theory is the light-cone gauge y4_ = 0, belonging to 
the family of algebraic gauges. These gauges have the important advantage that in 
the path-integral quantization of Yang-Mills theories the Faddeev-Popov determinant 
is independent of the gauge field and is absorbed by the normalization factor in the 
generating functional of Green's functions. The decoupling of Faddeev-Popov ghosts 
brings about significant simplifications in the formalism. Two different methods are 
commonly used to impose the light-cone gauge condition. In the light-front proce- 
dure the coordinate x"*" plays the role of time: the canonical commutation relations 
are imposed at equal x"*", instead of equal time, and Heisenberg fields evolve in . 
The gauge condition is then compatible with Dirac's procedure ^U] for the quantiza- 
tion of constrained systems. All the constraints involving the canonical variables can 
be imposed in a strong sense and the redundant degrees of freedom associated with 
gauge invariance can therefore be eliminated from the formalism. The main advan- 
tage of the light-front representation is that the vacuum is very simple and can be 
described completely, which makes it particularly suitable for the non-perturbative 
study of field theories. In this approach, however, the condensate turns out to be 
proportional to 1/L and therefore vanishes in the continuum limit .11]. We shall con- 
sider the equal-time quantization of the model. In order to apply Dirac's procedure 
in this case, it is necessary to impose the gauge constraint by means of a Lagrange- 
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multiplier field which introduces unphysical degrees of freedom that have to be 
dealt with by requiring that the expectation value of the Lagrange multiplier vanishes 
for physical states. The Lagrange multiplier evolves as an ^"-independent free field, 
which guarantees the stability of the physical subspace. By solving constraint equa- 
tions for the colour components of this field, we shall express them in terms of the 
other fields and determine the algebra they satisfy. This will allow us to show that 
the three subsidiary conditions are not independent, and that we only need to require 
that the 3-colour component of the Lagrange multiplier have zero expectation value 
between physical states. As a consequence of the introduction of spurious degrees of 
freedom, the non-zero modes of A^, which are not physical in two dimensions, are 
present in the Hamiltonian and need to be quantized. Once the condition A_ = 
is imposed, the Lagrangian is still invariant under a class of gauge transformations 
that do not affect A_ . The quantization of the gauge field must allow a quantum 
representation of these transformations. The existence of an operator implementing 
the residual gauge symmetry of the classical Lagrangian is closely related to the ex- 
istence of a non-trivial vacuum structure. We shall show that, in order to guarantee 
both the consistency of the subsidiary condition and the possibility to implement the 
residual symmetry, the 3-colour component of the gauge field must be quantized in a 
Fock space with indefinite metric, while for the other two components the definition 
of creation and annihilation operators must be compatible with a positive-definite 
metric. Although with an indefinite metric the Hamiltonian for the free gauge theory 
cannot be fully diagonalized, it does annihilate the Fock vacuum. But when two 
colour components of the gauge field are quantized according to the positive-metric 
scheme, their contribution to the Hamiltonian is highly pathological, containing terms 
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that alter the number of particles. Although unphysical in the pure gauge theory, 
the modes causing this pathology participate in the interaction with fermions. That 
raises the problem of finding a vacuum state to perturb about. As we shall see, the 
pathology can be cured by adding to the unperturbed Hamiltonian a term coming 
from the gauge-invariant ultraviolet regularization of the fermion currents and kinetic 
term. This piece is quadratic in the gauge field and the coupling constant. It has 
the form of a mass term, where the mass is m = (the well-known mass acquired 
by the gauge field in the Schwinger model). The same procedure will be followed 
for the zero mode of A^. This procedure allows standard Hamiltonian perturbation 
theory to be applied for an approximate evaluation of the physical vacuum, starting 
from a vacuum that has some non-perturbative information built in (the ultraviolet 
renormalization giving the "mass term" for the gauge field is nonperturbative) . It 
will be shown that the state obtained in this way satisfies the subsidiary condition, 
as must be required of the vacuum state for consistency reasons. Although the con- 
densate is believed to be a non-perturbative effect we shall manage to treat it in a 
perturbative framework. Chapter 2 reviews some basic facts about the theory under 
study, the definition of bilinear products of Fermi fields and the bosonization of the 
fermion degrees of freedom. The Lagrange multipliers and the issues concerning the 
quantization of are studied in Chapter 3. In Chapter 4 the vacuum is evaluated 
through second order. The calculation of the condensate is presented in Chapter 5. 
In order to test the method on a model with a known solution, we started by per- 
forming perturbative calculation for the Schwinger model and found some interesting 
results. In spite of the fact that the Hamiltonian for the free gauge theory does not 
have a complete set of eigenstates, perturbation theory can be applied. Perturbing 



4 



about the states with one gauge boson satisfying the subsidiary condition in free 
theory, which are the only eigenstates, gives rise to a bifurcation: two states with 
different energies can be obtained from one unperturbed state. Thus, the complete 
set of one-particle eigenstates of the interacting Hamiltonian can be obtained by per- 
turbing about the incomplete set of one-particle eigenstates of the free Hamiltonian. 
The calculations for the Schwinger model are reported in Appendix A. 
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Chapter 2 



SU(2) GAUGE THEORY COUPLED TO ADJOINT FERMIONS 



2.1 Basics. 



The lagrangian density for the theory is^ 



L = --Tr(F^,F'^^) + Tr(^7'^D^^) 



where 



Ff,, = d^A, - d,A^ + ig [A^, A,] , D^ = d^ + ig [A 



A^ and \1/ are matrices in the adjoint representation of SU{2): 



A^, = AIt'' , ^ = *V" a = 1,2, 3 



where t"" = \ and cr° are the Pauli matrices, so that 



le 



abc 



Tr (rV'') = -6"^ 



7° and 7^ are 2x2 matrices satisfying the Dirac algebra 



{7^7-} = 2^^^ 



We shall use the following representation 
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i 



, 7 



^The notation used here is similar to that of ref.|llj. 



is a 2-component Dirac field : 



The lagrangian is invariant under the gauge transformation 

a; = UA^U-' + '-d^uu-' 

where C/ is a spacetime-dependent element of SU(2). 

Note that and transform covariantly under gauge transformations 



F' = UF 



The equations of motion for the gauge fields are 



where the fermion current is defined as 



T ,r 



The conservation law associated with the gauge invariance is 



d,{r-i[A,,Fn)^0, 



the fermion current being conserved in the covariant sense: 



Di,J^ = 



2.2 The light-cone gauge 

The hght-cone gauge condition 

nM^ = with n=i=(l,-l) (2.3) 

or, equivalently, 

A»_ = i=(AS-A?)=0, (2.4) 

can be enforced by means of a Lagrange muhipher A(x) = A"(x)r" , by adding the 
gauge-fixing term [12] 

£,/ = 2Tr(AnM^) 
to the Lagrangian. The theory defined by the Lagrangian 

= £ + 

can be consistently quantized by means of Dirac's procedure. The gauge conditions 
()2.Hj) can be obtained as the Euler-Lagrange equations associated to the fields A'*(x). 
The quantum commutators corresponding to the classical Dirac's brackets are 

[Ag(t,x),(7ri)^(t,y)] = [Al{t,x),{7r')%y)] = 6Ux-Y) 

where (tt^)^ = Fq^. We can see that the gauge constraint A"i = can be imposed in 
a strong sense while A"^ satisfies 

[Al{t,x),F^,{t,y)] = V2Sat{^-y) . 

This procedure introduces spurious degrees of freedom into the theory. The Euler- 
Lagrange equations associated to the gauge fields 

D^F^'^ + An^ = gr (2.5) 
8 



are not equivalent to eqs. ()2.1|) owing to the presence of the Lagrange multipher. 
Equivalence with the original theory can be recovered by imposing the subsidiary 
condition A = 0. However, since the commutators of A with the other fields are not 
zero, such condition is incompatible with the quantization of the theory and cannot 
be imposed in a strong sense. As in the standard Gupta-Bleuler quantization of QED 
in the Feynman gauge, the subsidiary condition will have to be imposed as a weak 
condition selecting the physical subspace Vphys of the theory: 



The stability of the physical subspace under time evolution is guaranteed by the fact 
that, as we shall see, A satisfies a free-field equation of motion and has, therefore, 
a well defined decomposition into positive and negative frequency parts, so that one 
can equivalently state the subsidiary condition as 



where A'-"'"-* denotes the annihilation, or positive frequency, component of the field 



\phys) e Vphys ^ {phys\X\phys) = 



(2.6) 



\phys) e Vphys ^ X^^^phys) = 



(2.7) 



A(x). 



2.3 Dynamics 



It is convenient to introduce the helicity basis fH] 



.+ 



+ ir' 



.2 



1 • ' 
T — IT' 



.2 



r 



V2 



T 



V2 



These satisfy 



r ' , r \ = r 



.3 



(2.8) 



9 



and 



Tr(T+T-) = Tr(T^)^ = =- , Tr(T±)^ = Tr(TV±) = 
With respect to this basis and ^ are decomposed as 



(2.9) 



where 



(2.10) 



(2.11) 



where 4>niL = and ^r/l = ^ (^^/^ - i*!/^) , V'^/l = Til^V^ + '"^R/l) ■ 

We shall restrict the space variable to the interval —L < x < L and impose 
"twisted" boundary conditions: the fields ipn and ■0L will be taken to be antiperiodic; 
it will be convenient, however, to take (pR and 0^ to be periodic. For consistency, 
then, A^^ must be taken to be antiperiodic while is periodic. 

With the above definitions the Lagrangian density can be written as 



+ 



V2 



9 

V2 



AlJl + A-J+ + A+J^ + AlJl + A-_Jt + AtJl 
+\^A^_ + A+^I + \-At 



(2.12) 



where 
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and 

t3,± _ 1 / t3,± , t3,±\ t3,± _ 1 / t3,± t3,±\ 

■^L — -r "Jl J ) "Jr — {'Jo "^1 J 

The equations of motion for the gauge fields take the form 

d_F^ + Jl = (2.13) 

d+F^ + ig(F+A- - F-A+) - J| + = (2.14) 

d-F- + = (2.15) 

d+F- + ig{F-A^ - F^A-) ^ J- + A" = (2.16) 

+ 4 = (2.17) 

+ ig{F^A+ - F+A^) - J+ + A+ = (2.18) 

A_ = (2.19) 

where A^'^ = A^^ and F^'^ = Fq{^, which is the only non- vanishing component of 
the antisymmetric tensor F^;f' in two dimensions. The condition A^ — imphes 

F^'^ = doAl'^ - diAl'^ = d^A^'^ 

Prom the expression of the energy-momentum tensor 

djC 

one obtains the canonical Hamiltonian 



p° = i/ = y^^dxe°°(x). 



where 
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With some manipulations and using the constraint A_ = one gets 

H ^ / i i^^y + ~ (diF^A^ + diF+A- + diF-A+) 

+^ + il^ldiijjL + V'l^iV'l - (l>Rdi(f)R - i^ndii^R - V'h^iV'Ij) 

+^(^V| + A-J+ + A+J^)|. 

2.4 Quantization of the Fermi field. 

The Fock representation for the fermionic degrees of freedom at i = is obtained by 
Fourier expanding ^'^^/^(O, x) . We have 

1 OO g 

0«(O,x) = ^ (r^e^'^-^ + r Ive-^'^-^) + 0« (2.20) 

-t OO 

V^^(0,x) = J2ibne''"'' + die-''"'') (2.21) 

-1 OO g 

040, x) = J2 (pNe-'''^'' + pW""") + <Pl (2.22) 

1 OO 

V;l(0,x) = ^ (/3„e-'^"'^ + 5t e''^-) , (2.23) 

o 

where 0^^/^ are the zero modes of (f)R/L- The lower-case (upper-case) indices run over 
positive half-odd integers (integers) and /c„ = nn/L, = Nn/L . 
The canonical anti-commutation relations for the Fermi fields are 

{0fl(O,x),0K(O,z/)} = Sp{x-y) 
{0l(O,x),0z,(O,2/)} = Sp{x-y), 

where Sp denotes the periodic delta function, which can be expanded in the interval 

[— L, +L] as 

-1 OO 

Mx-y) = ^ E e^^^^^-^), 

JV=— OO 
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and 



{V^R(0,x),4(0,y)} = 5A{x-y) (2.24) 
{V'L(0,x),V'i(0,y)} = 5A{x-y), (2.25) 



where 5a denotes the anti-periodic delta function 

+00 



1 +00 



n=— oo 



All the other anti-commutators vanish. 

These induce the following algebra for the Fourier modes: 

{pjv, Pm} = {rjv, tm} = (^Ar,M (2.26) 

{hi hm} = {4, dm} = {Pi Pm} = {<^l 5m} = 5n,m (2.27) 

{<?ii>ii} = {0L,0L} = ^, (2.28) 
all other anti-commutators vanishing. 

The fermionic Fock space is generated in the usual way by the action of the creation 
operators on a vacuum state |0). 



2.5 The currents. 

A rigorous definition of quantum fields as operators in a Hilbert space requires smear- 
ing with test functions. As mathematical objects quantum fields are operator- valued 
distributions and the product of fields at the same point is not defined. Quantum 
field theories are affected by ultraviolet singularities arising from ill-defined operator 
products. A renormalization procedure is necessary to remove such singularities. The 
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most simple example is the normal ordering prescription for free fields, which can be 
defined by means of a space-like point splitting as 

■.A{x)B{x):= lim (A{x + e)B{x)-{0\A{x + e)B{x)\0)). 

e -> 

< 

Here the diverging vacuum expectation value (v.e.v.) is removed before the limit 
e — is taken. 

Starting from the expression for the currents ()2.2|) we can define the free fermion 
currents for this theory at t = by means of a point-splitting in the space direction 

1 



Jr{0, x) ^ lim ^KiO, X + 6)vi/^(0, x) [r^ r"] (2.29) 
Ji(0,x) =limi=vl>^(0,x + e)vI/2(0,x)[r^r^] (2.30) 



or, for each colour component in the helicity basis. 



J| = lhiii=(4(0,x + e)^B(0,x)+7Ajj(0,x)V'ij(0,x + e)) 
J+ = lini4^(0^(O,x + e)^|j(O,x)+0^(O,x)^lj(O,x + e 
-^R = lim--^(^^/'/j(O,x + e)0ij(O,x) +^/'/j(O,x)0/j(O,x + e; 
and analogous expressions for the left currents. 

It is easy to see that the definition of is equivalent to the normal ordering prescrip- 
tion. As a matter of fact by evaluating (0|'(/']j(0, x + e)^/'/j(0, x)|0) one sees that in the 
normal ordering procedure the ultraviolet divergence ^ is subtracted. This purely 
imaginary singularity is also removed by means of the hermitian point-splitting as in 
the definition of J^. More explicitly, using the Fock representation ()2.2ip we have 



1 °° / 

V'1j(0,x + e)Vii(0,x) = ^ E (rfn&™e^^^"+''"^"e^'"^ + dndle'^'"-'-^^e 



ikn 



-\-b^ b e~^^^'^~^'"'^^e~'''^"^ -\- ^-i(kn+km)^^-ik„t 
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Since 



)x ikne _| „ik„e 



m,n= 



-I"— 2 

and 



1 OO 1 OO 11 • 

2L^/ 2L^/ 2Ll-e'i^ 27re ^ ^ 

"—2 



we can write 



V^J^(0, X + e)V^«(0, x) = :V^J^(0, x)V^^(0, x): + — + o(e) (2.31) 



and 



1 °° / 

J3 (0, x) = x/2 :4(0, x)V^r(0, x): = -/i^ E (46„.e^('="+'=-)^ - dj^^e^^'^"-^-)^ 
In a similar manner one gets: 



^1(0, X + e)MO, x) = :V^I(0, x)V^40, x): - — + o(e) (2.32) 

and 

Jl(0,x) = V^:V'i(0,x)V'L(0,x): 
From the above expression for it is not hard to see that we can write 

1 OO 

4(0, x) = ^ E (^l^e^'"^ + Cf.^e-^''--) + (2.33) 



where 

OO 

Cn — E (^n^iV+n — dl^dN+n) — E ^ndN-r. 



2 



and 

Co = E(^l.^" - 4rfn) . (2.34) 

n 
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Analogously one can see that 



^ TfZ [Dle-^^-^ + Dl\^^-^) + -j^ (2.35) 



where 



and 



Dl = E(/5J./3n - <^j.<^n) . (2.36) 

n 

As for J+ and J~ it is easy to see that the operator products are not singular and 
the limit can be taken without subtractions: 

-1 oo oo 
iV=0„=i 

-1 oo oo 
iV=On=i 

where we have set 

I rp + rj 

= w ^'-''^ 

We can write 

1 oo 

^1(0, x) = ^ E (^n e^'"^ + ^^n^^e-^-) (2.38) 



where 



C'r!^ = E '^M^n+M — E ^InTn+m ~ E ^mfn-m (2.39) 



M=0 m=i 

oo 



= E '^mWm " E ^M^M+n " E ^n-m^'m ■ (2-40) 



m=i A^=0 ^=1 
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Similar expressions can be found for the operators D"^ such that 

1 oo 

JtiO,^) = E Ke-^^- + Dfe^'^--) (2.41) 

Using the fundamental anti-commutators ()2.26|) . ()2.27p and ( I2.28|) one can verify 
that these operators satisfy the commutation relations^ [7] 



1^3 1^3 


= N5n-m 


(2.42) 




= 


(2.43) 


/~i3 /^it 
'-'AT' 


= ±C^_,_^ 


(2.44) 


n ' m 


^n+m ^ "''-'n-m ■ 


(2.45) 



where we have defined 

The algebra satisfied by the Ds is of course identical. 

Definitions (j2.29j) and (j2.3(J|) are not suitable for regularizing the currents in the 
interacting case because the gauge transformation properties of the currents are not 
preserved. We want a prescription such that the regularized currents still transform 
covariantly [TTj : 

j;(x) = U{x)J,{x)U\x) 

In order to achieve this we modify def. ()2. 29112. 30|) by suitably inserting factors of the 
form: 

g*9 /^^^ A-dx 

^Note that these relations do not hold in this form if the zero mode of ipR/i is 
discarded, as in ref. jTTj 
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which, under gauge transformations behave according to 
for e infinitesimal. As a consequence we have: 



and the regularized interacting current J(0, x) defined by 

Jr{Q, x) = - lim *^(0, X + e)*^(0, x) [e^^XT^' ^i"^" e'^'-f^^^ "^i"^", r'' 
transforms covariantly. 



Using 



we have 



Jk(0,x) = Jk(0,x) - lim (^-^6^(0, x + e)*^(0,x)A^(0, x) [[t^t"],t^' 



Since 



[r^ r"], T*l = ie^'"^ie'^^Wf = ^"V'^ - , we can write 



Ji^(0, x) = Jij(0, x) - ig lim 



eTr{*^(0, X + e)*R(0, x) }^(0, x) 
-£^^^(0, X + e)'iv{*«(0, x)^(0, x) } 



so that, going back to the helicity basis we have 



4 = 4-^^1™ 



^/2 



:.Je(0, X + e)V'ii(0, x) + V'iilO, x + e)4(0, x) } ^3(0, x) 
-e0i?(O, X + e)^|j(0, x)/lr (0, x) - 60^(0, x + e)V'R(0, x)yl+(0, x) 



e{0i^(O, X + e)0i?(O, x) + V^«(0, x + e)^J^(0, x) }^+(0, x) 
-e4(0, X + e)(/.R(0, x) A?(0, x) - e^/'Jj(0, x + e)^Jj(0, x)^^ (0, x) 
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Jr = Jr ^^lim 



;{0r(O, X + e)0R(O, x) + ^|j(0, x + e)V'K(0, x)}^^ (0, x) 
-eV^R(0, X + e)0,j(O, x)A?(0, x) - £^^(0, x + e)V^^(0, x)A+(0, x) 



As we have seen (eq. 12.311) . the operator product '?/'Jj(0,x + e)'?/'/j(0, x) has a pole 
in e = 0, which cancels the e in the numerator giving a non-zero limit. The same 
singularity affects '?/'r(0, x+e)?/'Jj(0, x) = — (^/'|j(0, x + e)?/'^(0, x)^ . Moreover we have 

0^(O,x + e)0fl(O,x) = ^ E (r7vrMe'^'=-+'=«)V'=-^ + r]vrMe-*('=--'«)^e-*'=-^ 

1 oo 

= ^77 E (r7vrMe^('^"+'=-)^ + r]vrLe-^(^-+'=«)^) + + o(e) 

All the other operator products appearing in the above expressions for the regularized 
currents do not have poles in e = and give no contribution, so that, after taking the 
limit e ^ 0, one is left with 

4 = 4 + -j^^K (2.46) 

jR = Jn^ • 

For the left currents we have non-zero contributions in the small e limit from 

^l(0,x + e)^z.(0,x)^ 



V^i(0,x + e)^l(0,x) ' 



0i(O,x + e)0i(O,x) 



27re 

i 



27re 



and, therefore 



?3 _ 73 _ 3 .3 
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Jt = Jt - 



Jr 



^ At 



9 



(2.47) 



2.6 The kinetic term 

As a gauge-covariant regularization of the kinetic term let us consider 

[TV(i*R(0,x)9i^rR(0,x)],,^ = 

= \Y^J^x(i%'^r^^^ ^^^""^^^"^^^^{^ -v.e.v.j 

Using 



+^ye^[9ai(0,x), *k(0,x + e)] - ^e^ [Ai(0,x), [Ai(0,x), *«(0,x + e)] ] + o(e=^) 



and disregarding terms that vanish in the hmit e ^ 0, one gets 
Tr fie^s/:^' ^^''^^r(0, X + e)e-'^/x ^'"""-d^^^ ~ Tr (i^R(0, x + e)ai^R(0, x)) 



\egA\{^, x) + \^gd^A\{% x)) V^O, x + e)9iVR(0, x) + /i.e. 
-e^/ (^+(0, x)^r (0, x) + (^?)'(0, x)) 4(0, X + e)aiV^ij(0, x) + /i.e. 



-e2^2^+(0, x) (0, x)0r(O, X + e)ai(/.i?(0, x) + /i.e. 



One finds that 



4(0,x + e)aiV'fl(0,x) ~ i^^iV'ii: 



ijj(O,x + e)ai0R(O,x) 



2i7re2 
1 

2i7re2 



+ const. 



+ const. 



and therefore 



2 

[IV(i*R(0,x)9A(0,x)]^^^ = ^:4 9iV'ii: + 1- (2^+^^ + (^?)') 



(2.48) 
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Analogously, using 

V'l(0,x + e)(9iV^L(0,x) ~ : ?/^[(9i?/^i : + + const. 
0l(O,x + e)9i0L(O,x) ~ : 0L<9i0L : + 77: — 5- + const. 

one gets 

2 

[Tr(ivI/L(0,x)9iVl/L(0,x)L^ = ^:^iBi^^: +l:0^9i</)i: _ |- (2A+A^ + (A^^ 

(2.49) 

2.7 Bosonization. 

It is convenient to consider an alternative representation of the anticommutation 
relations ()2.24|) and ()2.25|) . known as bosonization. This procedure will allow us to 
express the fields i)R/L and V'Ij/l at t = in terms of the bosonic operators C% and D% 
appearing in the Fourier decomposition of the currents and J| (eqs. 12. 33112. 35|) . 
Following P3] we define 

N=l 
00 1 

Ar=l 

00 1 

^i'^(0,x) = - E 1^7^^^^^'"^ 

7V=1 
00 -| 

Ar=l 



and 



a^,/z.(0,x) = v^e^^'A(°'^Vi?/L(0,x)e'^«v.(0'^) . (2.50) 
The following relations hold Jl] 

(T+(0,x)a^(0,x) = a«(0,x)a+(0,x) = 1 , (2.51) 
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a+(0,x)aL(0,x) = (7^(0, x)a+(0, x) = 1 , 
{aR{x),aL{y)} = {(Tr{x), a^iy)} = , 

[Cl , an] = -an , [D^ , a^] = -a^ 
[Cf„aR/L] = [D%,aR/L]=0. 



The operators 



= cr^/L (0,0) 



are called spurious. 

Let us consider the states 

where 



|M,iV) = afa^ |0) 



^-^^ — 



One can show that, for M, A?" > , 



|M,iV) = 4_,---M<_i---rft|0) 

^" 2 2 2 2 

|-M,7V)=/3t^_,.../3t dt^_,...dt|0) 

^" 2 2 2 2 

i^,-^) = ^l_i---4^Li---^lio) 



It is easy to see that the states |M, N) are eigenstates of Cq and £)q 

C^|M,Ar) = -Ar|M,Ar) 
i:>^|M,Ar) = -M\M,N) . 
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One can verify that, for any P > 

Cl\M,N) = Q , Dl\M,N) = Q 

and since 

[ClD]}] = \DlDl\ = Q 

the action of C|,^ and D^p^ does not modify the eigenvalues of Cq and D^. 
It can be shown 15^ that the fermion Fock space JF, generated by the action of the 
creation operators b^^ , dl , Pl^ , 6^^ on the vacuum |0), can be decomposed as an 
infinite direct sum of irreducible representations of the bosonic algebra satisfied by 
the operators Cp and Dp (P 7^ 0), each representation corresponding to an eigenspace 
of Cq and Dq . More explicitly we have 

^ = ©Af.TV^AfiV M,iV = 0,±l,±2,... 

where J^mn is the Fock space generated by applying products of the operators Cp 
and Dp to the vacuum |M, A^) and 

The free fermion hamiltonian 

= ^|_'^dx(^^l(0,x)Bi^i(0,x)-^J,(0,x) 9i^«(0,x)) 

00 

= kniPiPn + 5% + blbn + dldn) (2.58) 
and the momentum operator 

P^ = ^|_'^rfx(^V^i(0,x) 9iV^l(0,x)+4(0,x) 9i^^(0,x)) 

oo 

= Y.kn{PiPn + Si6„-b%-dldr,) (2.59) 
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can be expressed in terms of the boson operators by means of the following identities, 
known as Kronig's identities: 

oo 

H = ^{{Clf + (Dir) + ^ E {Cf^'cf, + Dl'Dl) (2.60) 

OO 



P. = ^[{Dlf - idf) + ^ E K'^^ - CI'C%) . (2.61) 

Finally, using 



a^/i(0,x) = e-^^'^V«/ie^^^ 



it is easy to see that 



(71,(0, x) = e 2L^o^cr/je 2l^o 



and the operators V'r/l at t = can then be written in terms of bosonic operators as 
V'ij(0,x) = ^e-^«'(°'^)e^^oV^e^'=^oXe-^k^'(o.x) (2.62) 



V'i(0,x) = ^e"^i"^(°'-)e-S^gxaie-S«oV^i^'(°'^). (2.63) 
V 2Z^ 



2.8 The Hamiltonian 

Using the regularized expressions ()2.46|1 and ()2.48|1 for the currents and the fermion 
kinetic terms we obtain the regularized quantum hamiltonian 

+g {a'JI + + J^) + ^ [{A^f + 2A^A-] \ (2.64) 
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where the products of gauge fields will also have to be defined. 

Starting from the Fourier expansions of — -^A"- and F" at i = in the space 
interval [—L,L] with the chosen boundary conditions : 



Al{0,x) = 



V n 



1 



and using a^_j^ = , b^-N = > ^-n = ^"n^ = ^ ' ^-n = ' can write 

-1 OO 1 

A%0,x) = ^ (a^e-''^^" + a^^e^M + ^ (2.65) 

-1 OO -1 OO 

yl±(0,x) = ^ E a;^e-'"^^ = ^ E(4e-^'"^ + a;^V^»^) (2.66) 

V-t^ n=-oo V-t^ „_i 

1 OO 1 

F3(0, x) = ^ E (^^e-'^-^ + ^i.^e^'^-^) -r^hl (2.67) 
V2L jv=i v2-L 

1 OO 1 OO 

F±(0,x) = ^ E ^'n e-^'"^ = ^ E (^n e-^'"^ + • (2-68) 

\ IL n=-oo y ZL 1 

From the commutation relations 

[A^{Q,x),F\Q,y)]=iy/2S'''S{x-y) 
we see that we must have 

[A^{Q,x),F^{Q,y)]=tV26{x-y) 
[A'{0,x),F'iO,y)]^iV25{x-y) 

and 

[«M> = i^MN , [a^, &^^] = ^^mn , (2-69) 
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all the other commutators vanishing. 
We can now write 

+ ^ (a+^a^ + a;^a;) + (C+a^ + a'a^ + C+^a^^ + C'"^ a^"^)^ (2.70) 
where if^ is the free fermion Hamiltonian 

OO OO 

H'p=Y.kn {PiPn + Sis,, + b% + did,,) + Yl {pnPn + rW) (2.71) 
which, as we have seen, can also be expressed as 

OO 

H', = ^{{ClfHDlf)+l E {C%'c% + D%'d%) + Y. (pWiv + rkiv) • (2-72) 



N=0 



N=l N=0 
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Chapter 3 

THE QUANTIZATION OF THE GAUGE FIELD 



3.1 The Lagrange multipliers and the subsidiary condition. 

The Lagrange multiphers A^, A='= are given in terms of the other fields by 

= -V2diF^ -igF+A- +igF-A+ + V2gJ^ 
A+ = -V2diF^ -igF^A^ + igF^A^ + V2gJ^ 
\- = -V2diF- - igF'A^ + igF^A- + V2gJ^ . 

Consider the Fourier expansion 

-1 oo 

A=^(0,x) = ^ E Ai,e-^'=-^ 

-1 oo 

A^(0,x) = ^ E A^e-^'"^- 

y IL n=-oo 

Note that from A^ = (A3)t and A^ = (A^)^ it follows that A?.^ = (A^)^ and A^„ = 
(A^)^ We want to show that the time evohition of the Lagrange multipliers in the 
Heisenberg picture is that of free fields satisfying the simple equation d-X — In 
order to see this let us evaluate their commutators with the Hamiltonian. 
[ff, A^(0, y)] consists of the following terms: 

1. ig y^'^dx[F+(0,x)F-(0,x),F-(0,y)A+(0,y)-F+(0,x)^-(0,y)] 

2. dx[9iF+(0,x)>l-(0,x)+9iF-(0,x)A+(0,x), 
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F-(0,y)/l+(0,y)-F+(0,y)yl-(0,y)] 



3. l^^dx[diF\0,x)A\0,x) , diF\0,y)] 

oo 

4. gji: [cl,^cf, + D%^D%,jUo,y) + JlM 



N=l 



dx 



>l^(0,x)Ji(0,x),9iF^(0,y) 

,2 rL 



5. /|_^dx[A^(0,x)j|(0,x),Ji(0,y)]-^|_^rfx[(A=^)2(0,x),^ 



6. // rfx fA-(0,x)J+(0,x), -^F+(0,y)A-(0,y) + J|(0,y) 



7. dx /l+(0,x)J^(0,x),zF-(0,y)A+(0,y) + 4(0,y) 



8. ^/'dx 



2^ dx [^+(0, x)A-(0, x), F-(0, y)^+(0, y) - F+(0, y)^-(0, y) 



We have 



1. = gV2j^Jx[-F+{0,j)F-{0,x)SA{x-y) + F+{0,x)F-{0,j)S{x-y))^0 



2. 



= g J_Jx{-d^F+{0,x)A-{0,y)SA{x-y) + F+{0,y)A-{0,x)djA{x-:^ 

+g dx (9,F-(0, x)A+(0, y)5(x - y) - F-(0, y)A+{0, x)dJix - y)) 
^gdy (f- (0, y) (0, y) - F+ (0, y)^" (0, y 



3. = iV2 j^^dxd^F%0,x)dy6p{x-y) =tV2d'^F%0,y) 



n °° 



N=l 



pL 

-2ig J ^dxJ^{0,x)dy6p{x-y) 
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= tgdyJliO, y) - tgdyJliO, y) - 2tgdyJl{0, y) = -zg 9^ (j|(0, y) + Jl(0, y)) 



5. 



dx 
dx 



9' ,3 



2L2 



JV=1 ^ ^ ^ 



^A3(0,x)ay5p(x-y) - !^A3(0,x)9,5p(x-y) 

TT TT 



6. = 



72/4(0, y)A-(0,y) 
= A/2/j+(0,y)A-(0,y) 



2 rL 



9 



00 00 



"^"-'^ n=-ooAr=-oo 

00 00 



N=-oo 



= V^/j+(0,y)/l-(0,y)-<7'v^ dxA-(0, x) J+(0, x)(5p(x - y) = 
7. = ^/4(0,y)A+(0,y)-/V2|_^^dxA+(0,x)4(0,x)(5p(x-y) = 



2 ^ 

8. = ■^l_Jx(-A-{0,x)A+{0,y)5Aix-y)+A+{0,x)A-{0,y)5A{x~y))=0 



so that 



and 



1 /-^ 



dye''^^[H, \%0,y)] = -kNX 



3 

AT • 



V2LJ-L 

The time evolution of is given by 



,iift\3^n ^r\^—iHt \ ^ ( ^3 ^— jfcjv(t+x) _|_ ^3 '\ ^ikj^{t+-x) _|_ ^3 



e*^*A^(0,x)e- 



2-L jv=i 



Let us consider [If, A+(0, y)] . A similar calculation gives 

y^^dx [ ^ (F'^(x))' + F+{x)F-{x) - -^{diF^{x)A^{x) + 
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+d,F-{x)A+{x)} + ^ {{A^fix) + 2A^{x)A-{x)} , -^/2^^F+{y) 
-igF\y)A+{y) + zgF+{y)A%y) 



xo=yo=0 



-idy{ - V2d,F+{0,y) - tgF^{0,y)A+{0,y) +igF+{0,y)A^{0,y)} 



-^a,A+(0,y) 

TT 



and 



/ / cix{[A3(0,x)j|(0,x), J+(0,y)] +^[A-(0,x)J+(0,x), A3(0,y)F+(0,y)]} = 



while 



g' J^Jx{a+{0,x) [j^(0,x), J+(0,y)] - ^ J|(0, x)[/l3(0, x) , ^^(0, y)]A+(0, y)} 

£ e^'="V'=-^[C-,C+] + ^j|(0,x)A+(0,y)<5(x-y)} 



2 rL 



m,n=—oo 

oo 



2L2 7-L 

,2 



dxA+(0, x) e^'-'^e^'-y (C^+„ + m6m,-n) + / ^2 4(0, y)^+(0, y) 



m,n=— oo 

oo 



-^y_^dxA+(0,x){ ^ C'^e^^-^<5(x-y) + ^9.(5(x-y)} 



N=-oo 



+g'V2JU0,y)A+{0,y) 



TT 



93.A+(0,y) 



and 



-gV2 J^^dxJ+{0,x)[A-{0,x) , dyF+{0,y)] = -2zgdyJ+{0,y) 



so that 



[H, A+(0, y)] = -tdy{ - V2d,F+{Q, y) - tgF^Q, y)^+(0, y) + z^F+(0, y)yl3(0, y)} 
-2^<79yJ+(0,y)+5[i/F, J+(0,y) + J+(0,y)" . 
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Let us evaluate 



Hp, 4(0, y)l and \Hf , J+(0,y) 



. We have 



oo 



m=i M=l N=Q 

oo n 
— Y b]rn+j — Y djT^n- 

and, using the relation 



[AB , CD] = A{B , C}D - AC{B , D} + , C}DB - C{A , D}B 



we get, for positive n. 



oo oo 



oo n 



m=i N=0 



jdmSmj + J2 kurMdn+N^. 
M=l N=0 



MN 



2 J- 2 

OO oo 



n-j 



M=l i-1 M=l 1-1 

OO oo 
— ~ X/(% ~ kn+j)bjrn+j — X/ i^n+N ~ kN)r ^dn-\-N 



N=0 



X](^j + kn-j)djrn-j 



— —knC^ ■ 



Analogously one obtains 



Hp , (L>-)tl = A;„(L>-)t . 
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Therefore we have 



-1 oo 

Hf , 4(0, y)] - ^ E (-^nCe^'"^ + KC-^e-^'--') = ^^,J^{Q, y) 



and 



Finally we can write 

[H, A+(0, y)] = -idy{ - V2diF+{Q, y) - tgF^Q, y)A^{Q, y) + z^F+(0, y)A'{Q, y)} 
-^55y(j+(0,y) + J+(0,y) 
= -zayA+(0,y) 



and, obviously. 



[H,X-{0,y)]^-idyX-{0,y) 



so that 



[HA^] = ^f_^dye''-y[H,\^{Q,y)] = -^„A± . 



As a consequence we have 



A±(i,x) = e^^*A±(0,x)e 



-1 CXJ 

s 



We have thus shown that the Heisenberg field A(i, x) has a free-field decomposition 
into positive and negative frequency components, which is fundamental for a con- 
sistent quantization of the theory. This result guarantees that the decomposition of 
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A into Fock creation and annihilation operators and the definition of the physical 
subspace by means of the subsidiary condition are stable under time evolution. 
Another important result is 



Indeed, the zero mode of is a conserved charge. In order to satisfy the subsidiary 
condition, we shall require that its physical eigenstates have zero eigenvalue. 

To further investigate the structure of the physical subspace let us consider the 
algebra of the Lagrange multipliers. Using the canonical commutation relations we 
get 



[A3(0,x),A+(0,y)] 



2^F+(0, y)djp{x -y)- 2gF+{0, x)dydA{x - y) 



+iV2g^F 



{0,x)A\0,y)6A{x-y) 



iV2g^F'{0,y)A+{0,x)5Aix -y) 



V[4(0,x) + Jl(0,x) , J+(0,y) + J+(0,y)] 



and 



i^N^ Ki] 




y-^^yg.W [A3(0,x),A+(0,y)] 




■L 



-L 



-z5F3(0,x)A+(0,x)J + '-[Cl^ + Dl, Ct^ + 




■L 



dx e^('=^+'=-)^ - V2diF+(0, x) + igF+(0, x) A^(0, x) 



-L 



-i^F3(0,x)A+(0,x)J + ^ (CV^ + L>++^) 
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where (IT!^ . (imKll . (ITiT|l and ^U^i were used. Finally one has 



and, analogously, 



In particular, for = 



which shows that A^ are charged fields. This result has the important consequence 
that the subsidiary conditions involving A^ are identically satisfied for states with 
zero eigenvalue of the charge Aq : 

{phys\Xt\phys) = ±^{phys\[Xl, \^]\phys) = 

as long as 

Xllphys) = . 

Therefore we only need to require that physical states satisfy the conditions 

\\\phys) = for N > , 
A^ \phys) = . 

One can also show that 



-z(7i^+(0,x)A-(0,x) 



9"^ + + - 
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which, using \C\, C_J\ = C^ri-m - nSn-m and [D+, Dj = D^^^ + nSn-m, gi 



ives 



and 



[A3(0, x) , A3(0, y)] = /[J|(0, x) , J|(0, y)] + /[Jl(0, x) , J|(0, y)] 

„2 oo 

^-^ N,M=-oo 
2 oo 

2-^ Ar=-oo 

These relations imply that the Lagrange multipliers generate zero norm states 
when applied to physical states. This is consistent with the expectation that modes 
of the Lagrange multipliers can be found in zero norm physical states, in analogy 
with the Gupta-Bleuler quantization of QED, where zero norm combinations of the 
unphysical scalar and longitudinal photons are present in the physical subspace. 

3.2 Quantization. 

As we have seen, the representation chosen for the Fermi field at t = is such that 
the free fermion Hamiltonian is diagonal, or, in other words, the action of the creation 
operators , Pi , d'l , 5}^ , rlf , p'j^ on the Fock vacuum generates eigenstates of the 
free Hamiltonian. Basis states in the free fermion Fock space are a suitable starting 
point for standard perturbative calculations. 

The quantization of the gauge field is more delicate. Let us consider the part of 
the unperturbed Hamiltonian which involves the non-zero unphysical modes of the 
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gauge field: 

+ E ^N^^N + ikNa%h% - ikNb%^a% I . (3.1) 

We are naturally led to a Fock representation with a vacuum state defined as the 
state |0) such that a%\0) = b%\0) = and a^|0) = 6^|0) = forn, > . Creation 
and annihilation operators can then be defined, for n,N > , as|13j: 

A% ^ -^a% + t^b% (3.2) 



so that 



A^^ ^ -±=a^-z^^b^ (3.5) 



3 _ ^-N 



''N — (^Af + ^-n) y bj^ — '~J2L 



The commutation relations 



(A?,)t] = buN , [A^M, (Al^y] = -Smn 

can be represented in a Fock space endowed with an indefinite metric. As a conse- 
quence of the unphysical nature of the degrees of freedom we are considering, the 
presence of an indefinite metric is not surprising and we know that it can be dealt 
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with consistently provided that its restriction to the physical subspace is positive 
semidefinite. Note that ()3.H) is not diagonal in this representation, nor can it be 
diagonalized. The vacuum and the states created out of it by repeated action of the 
operators {b%y and (&^)^ provide an incomplete set of eigenstates. This anomalous 
situation is related to the fact that the metric is not positive definite. A similar sit- 
uation occurs in the Schwinger model where it can, nonetheless, be shown that the 
complete set of one-particle eigenstates of the full Hamiltonian, as given by the known 
solution of the model, can be obtained perturbatively starting from the incomplete 
set of unperturbed one-particle eigenstates (see Appendix A). 

The above quantization of the unphysical non-zero modes of the gauge field is 
required for the non-interacting gauge theory, where the subsidiary conditions can be 
expressed as b%\phys) = , b^\phys) = (as can easily be seen by setting g = in 
the expressions for the Lagrange multipliers). The physical subspace can be defined 
by the 3 independent conditions 

{A%-AQ \phys) = {A^-At,)\phys) = 0, 

expressed in terms of annihilation operators. It is then possible to follow the Gupta- 
Bleuler procedure and show that the physical subspace has a positive semi-definite 
metric, with zero-norm states being the ones containing ghost-like modes, and 
{physlHclphys) = 0, so that unphysical modes do not contribute to the energy spec- 
trum. 

As is characteristic of two-dimensional pure Yang-Mills theories in light-cone 
gauge, the Hamiltonian (j3.1|) has no interaction terms and coincides with that of 
free gauge bosons. The interaction is carried by the Lagrange multipliers and has the 
effect of modifying the subsidiary condition and the physical subspace. We expect 
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more restrictive conditions as a consequence of the g-dependent terms in A. The 
colour components of A do not commute with one another and the subsidiary condi- 
tions are not independent. As a matter of fact, the Lagrange multiphers satisfy the 
same algebra as in the previously considered case where fermions are present. The 
conditions that need to be imposed are X^phys) = and X^j^\phys) = 0, for > 
where 



" 2 



^' 2 



^'n — ~~rj f^Nb^ H -7=— ^ (bm(^N-m ^m'^Af-m) 



2 



We can see that the eigenstates of ()3.ip generated by the action of are no longer 
physical states as in the free case. We need to require the more restrictive condition 
that no modes of be present in the physical subspace. Only physical states with 
modes of A'^ are now zero-norm states and again one has {phys\HG\phys) = 0. 

This indefinite metric representation of the gauge field, suggested by the free 
nature of the Hamiltonian associated with it, turns out to be unsuitable for the 
quantization of the full non-abelian gauge theory, on account of its residual gauge 
invariance. To see this let us consider the operator 



U{x) = e^^r(*+^)^' (3.6) 

It satisfies the condition U{t, -L) = U{t, L) and = UA^U^ + ^d-UW = 0. 

It leaves the gauge- fixing condition invariant and it preserves the boundary conditions. 

It is, therefore, a residual gauge symmetry of the theory. Let us see its action on A. 
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Using [r+, r ] = and [t^, r^] = ir^*" we get: 



or 



and from F' = U FW we have 

Let us concentrate on the transformation properties of the + and — colour compo- 
nents. A quantum operator representing this symmetry in the space of states 
must be such that the quantum fields represented at t = as in ()2.66p and ()2.68p 
have the following transformation properties: 

V n=— oo V n=—oo 

-| oo -| oo 

T^A+(0,x)(T^)t = ^ E a^e-i-e-^^i^ = ^ E 

V -'^ n=— oo V -'^ ra=— oo 

-| oo 1 oo 

T^F-(0,x)(T^)t = ^ E &;e-iV^i^ = -= E ^n^+^e-i^ 

1 OO 1 oo 



T^F-^(0,x)(T^)t = ^ E &+e-i^e-^^i- = -= E ^^a^^-^^ • 

V ■^-'^ n=— oo V ^i-' n=—oo 

We see that must have 

or, in terms of the Fock creation and annihilation operators defined in fj3.4H3.5p : 

T^A+(r^)t = A+„^ forn>iV + | (3.7) 
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T^A+{T^y -- 




for i 


<n<N- 


1 

2 


(3.8) 




- 4+ 


for n 






(3.9) 


T^A:„(T^)t 


= ^-n+TV 


for n 


>N + \ 




(3.10) 




= (^AT-n)^ 


fori 


<n<N - 


1 
2 


(3.11) 






for n 


>\ 




(3.12) 



We can see from ()3.8|) and ()3.1ip that T must turn annihilation operators into cre- 
ation operators. This does not allow the vacuum to be invariant. The transformed 
vacuum T|0) must be such that (^^i )^7'|0) = 0, a condition which cannot be satisfied 

2 

by a state in the Fock space we are considering. The symmetry of the theory under 
index-shifting at a classical level suggests that in a Fock quantization the creation or 
annihilation nature of the operators must be preserved under index-shifting. Inter- 
preting {A^^'^ as creation operators generating negative-norm states when acting on 
the vacuum appears to be inconsistent with this symmetry transformation. As we 
shall see, implementing this symmetry as a unitary operator in the Hilbert space will 
be necessary to obtain the non-trivial vacuum structure which is characteristic of this 
theory when coupled to fermions. In the quantization of in the free gauge theory, 
as well as of A^ in both the free and the interacting case, the indefinite metric is 
necessary to express the subsidiary condition in terms of annihilation operators and 
it allows to get rid of ghost-like modes, which are present in zero-norm physical states, 
by constructing a Hilbert space with positive definite metric as a quotient space. But 
in the quantization of the interacting the indefinite metric does not seem to play 
a crucial role. As a matter of fact, a standard definition of creation and annihilation 

40 



operators with canonical commutators: 



for both positive and negative n, leads to the following expressions for Ag and A^: 



V2L 



m=~oo 



The subsidiary conditions can be satisfied by requiring that 

{Al-Al^)\phys) = Q,'iN>Q 
A^\phys)=Q 

and ()3.1|) can be written as 

+ H 1 + ikWNb% - ikNb%^a% I . 

The vacuum is the only physical state in the positive metric Fock representation of 
A'^ and A~ and, although it is not an eigenstate of Hq, we still have {0\Hg\0) = 0. 
The transformation U can now be represented by an operator such that: 

T'^A~{T'^y = A-^^ , T'^{Aty{T'^y = {At_r.y (3.14) 

for any positive or negative n. 

One can check that (jH.lHfnTT^ are satisfied for iV = 1 by 
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. . . gf (^3/2(^l/2)^~("^3/2)^"^l/2 +^-3/2(^-l/2)^~("^-3/2)^^-l/2) 
gf (^l/2(^-l/2)^~(^l/2)''^^-l/2 +^-l/2(^l/2)^~(^-l/2)''^^l/2) 
gf (^^l/2(^^3/2)^~(^^l/2)^^-3/2 + A/2(^3/2)^~(^l/2)^^3/2) . 

. . . ^%{At^{A\_,)^-{AtjAt^_,+A-{A-^,)^-{A-)U-^^ . . . 



Although unphysical, the modes of and A~ interact with fermions and can no 
longer be eliminated from the theory when coupling to fermions is considered. The 
fact that the gauge-invariant vacuum state associated with a positive-definite Fock 
representation of and is not an cigenstate of the unperturbed Hamiltonian 
prevents us from performing a standard perturbative calculation. On the other hand, 
as a result of the gauge-invariant renormalization of the fermion products, the term 

2 

^A^A~ has been introduced into the theory. Being quadratic in the gauge field it 
has the well known form of a mass term, the "mass" being m = This suggests 
treating it as part of the unperturbed Hamiltonian, in spite of its dependence on g"^, 
leaving only the order-g terms g{A'^J^+A~J^) , which couple the gauge fields to the 
fermion currents, in the perturbation Hamiltonian. By doing so we can diagonalize 
the "unperturbed" hamiltonian related to the -|- and — gauge fields. We can write 



Hg= Y: {K + m) ((A+)tA+ + {A-JA-) + Y: b%% + zk^a%% - tk^bl^al 



oo 



n=— oo 





where now the Fock operators A^ are defined as 




42 



for both positive and negative n, with m = 
Inverting these relations we obtain 



^ ' " V 2 I 

From ()2.69p we see that these operators satisfy the Fock algebra 

all the other commutators vanishing. 

Analogously, we quantize the zero mode of by defining 

so that we can write 

3^ (^A"^ _ ™ /l3t 43 



2 V ■ 2tx 
The Hamiltonian can now be written as 



H = Ho + Hi 

where 

Ho = H^F+Y.{ b'Nb% + tkNa%^b% - %k^h\^ a\ + m^Al)'^ Al 

oo , 

+ {K^m)UAt)'^Al^{A-jA- 

n=—oo ^ 

and 

+^| £ U-c:: + A^c^+{A-)\c:y + {Aty{c-y 

Hp is the free fermion Hamiltonian ()2.7H - IT7^ . 
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Chapter 4 
THE VACUUM 

Let 

\n) = |o) + |fi(i)) + |fi(2)) + ... 

E — Eq -\- Ei-\- E2 + . . . 

We shall determine the corrections to the vacuum state, 1^1^"^^) and and to the 

vacuum energy, Ei and i?2, by requiring that 

i/o|0) = ^o|0) (4.1) 
Ho\n^^^) + i/i|0) = Eo\rt^^^) + E^\Q) (4.2) 
Ho\n^''^) + H^\n^^^) = Eo|f^(2)) + + ^2|0) . (4.3) 

Hq is normal-ordered in such a way that 

Ho\Q) = and = 

while higher order corrections to the energy are not necessarily zero. 
We have 

3.^t.3_t|n\^^ ^(Ajt(c+)t|0) + (A+)t(Q-)t|0) 



iv=i V VmL 
One can immediately see that 



El = {0\Hi\0) = . 
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As we have seen (pag^SH), [Hp , Cn] = ^^nCn, so that we have 

[H,,C^] = -KC+ and [H, , {C^)^] = K{C^)^ 
Analogously one can prove that 

[H,,C-] = -KC- and [H, , {C-)^] = K{C-)^ 
These relations, together with Hq\Q) = , tell us that 

ifo(C^)^|0) = fc„(C±)t|0), 
while from the expressions of ()2.39flT^m) we see that 

C^|0) = (Cfjt|o) = o. 
We also have C%\Q) = (C!^)t|0) = and, from (EH, 

Ho{Cl,y\0) = k^{C%y\0). 
It is now easy to verify that the state 



n °° 1 / 



^/mL _i 2/c„ + m 
satisfies (gSl) with = = . 

In order to evaluate E2 and we need Ei\^^^'^). Using ((2321), f!^13|l we 

u io(i)\ _ ^ V _ ^ V im 

^ M^i " " l,2fc. + (2M^j^"'°^ 
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2 /o oo oo 



mL ^ 2kn + m 



2 oo 



^2 oo oo 



E E^ ^r^^- ^|o) 



"^^m^oo„ 1 2kn + m 

We therefore have 

E = ^ V - ^ V 10^ 

a diverging quantity that has to be subtracted from the Hamiltonian. 
It is not hard to verify that ()4.3p is satisfied if the state is given by 



L j^i^i\2kM {2kMyj\2kN {2k 
^2^/9 00 00 / 3 t 

EE 



N 



V^L ^ \2kM + 2kn + m 

, ^bl,^ ] ^3 t (AJt(C+)t + (A+)t(C-)t 

(2A;„ + 2fcM + m)2y 2A;„ + m 



TV 



+ — y — ^ 10) 

mL ^1 2(A;„ + m)(2A;„ + m) 



2 00 



2kN{2k.p + 2kN + m 
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2 oo oo 



mL 



EE 



mL 



oo oo 

E E 

p=-oo„=l 



2{2kp + m){2kn + m) 



2{2kp + m){2kn + m) 



2{kn + kp + m){2kn 



m] 



2{kn + kp + m){2kn + m) 



4.1 The subsidiary condition. 



Let us verify that the state = |0) + + 1^*^^^) satisfies the subsidiary condition. 
It is easy to see that 

Xl\Q) = 

where 

E ( (^m)^^m ^ (^m)^^r^ 



Jz(^°+^°^ ' V2L 



m=— oo 



As a matter of fact we have 



A^|0) = 



C oo , 



LV2^ \ _i 2kn + 



m 



+ E 



1 2kn + rn 



Using the relation [Cq, (C^)''"] = T{CtV it is easy to see that Ao|l](^)) = and 
that the same holds for every term in (p. Each term in the perturbative 

expansion of the physical vacuum is an eigenstate of the conserved charge Aq with 
eigenvalue 0. As we have seen, in order to be a physical state, the vacuum must also 
be annihilated by the positive frequency components of A'^. This means that it must 
satisfy A^|^7) = where 



X3 



ikNb^ 



y/L V2L 
9 



N 



y ZL m=-oo ^ 
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Clearly this condition cannot be satisfied term by term in the expansion of as is 
the case for Aq. The action of mixes up the perturbative orders and the condition 
cannot be satisfied exactly by our perturbative evaluation of the vacuum. We can 
only check that it holds for the two lowest orders in the expansion of A^|n). We have 

A|,|0) = J^(C|,)t|0) 

2 oo 1 

-i^L ^, ^ - ic,)HA:..y) 10) . 

"■"2 

Disregarding higher order terms we can write 

.3 . --|^(Cj)t|0> - ^ f . ^) (C3)t(c3 )t|0) 



■^{£^((c„-mi)* + (C)*(A„-)*)|0) 



2 

oo 



+ E ^ ((Q+)n^n-iv)^ - {Cn HA^.^y) |0) 



and keeping only the lowest order terms in A^|n*^^^) we get 



.3 t -13 t 

LUf, 



^ J V ^|o) 

W2mL 1 _ 1 2knkn+N 



+ ^ ^ 21^-. 

n=-oo ^Kn+N 



Using the relation [(C±)t, (C3^)t] = ±(C±+^)t we get 
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"■—2 

+ E :^(-(^:)'(C„--fiv)^ + (^;)'(CnV)M|0) 



1 "^kn+N 

and one can immediately see that 



A^(|0) + |Q«) + |Q(2)))~0. 



Note that this condition would not be satisfied even for the two lowest orders if had 
been quantized with a positive definite metric, while no such inconsistency appears 
as a consequence of our quantization of A'^ and A" . 

4.2 The degenerate vacua. 

We have seen that under the residual gauge transformation 

U{x) = e^^5(*+")^' (4.4) 
the gauge fields transform according to 

As a consequence, under the action of the operator representing this transfor- 
mation, the Fourier modes into which the fields are decomposed at i = transform 
as 









- ft+ 


(4.5) 








— K+N 


(4.6) 




alj for M 7^ 






(4.7) 
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T^aliT^y = al- ^ (4.8) 
T^hUT^)^ = bl . (4.9) 

From ()4.5p and ()4.6|) we also get 

T^^;l(T^)^ = (4.10) 
T'^A-{T''y = A-_,j, (4.11) 

Let us consider the transformation of the Fermi field. It is easy to see that 

Therefore, at t = 0, 

^'(0, x) = e'^^T^m x) , 0'(O, x) = 0(0, x) 

From the bosonized form of ipR/L (eqs. 12.621 12.63p . using relations ()2.5H — IT^Bjl and 
the identity 

e^B = Be^e^ if [A, B] = cB, where c is a c — number , 
one can easily prove that 

4aRe^'^(^o+^o)^(0,x) [a[ajie'^^^o+Di)y = e^^^-^(o,x) . 

We also have 

The operator T representing the residual gauge transformation can therefore be ex- 
pressed as 
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where T is the operator transforming A'^ and A (p. . In order to determine the 
transformation properties of let us consider ip'^. We can write 



1 oo 

-| / oo oo 



For > ipR can be written as 



1 I oo 2 oo 



2 ""2 "~2 



and for < 

1 / oo ~^~2 oo 



n=-jv+i y 

We can therefore see that we must have 



T^hniT^ 




— bn-N 


ioT N < n 






- d^ 


for N > n 


T^dniT^ 




- d^ 


for > —n 








for < —n 



We can now determine the transformation properties of C^. 
For n > A^ > we have 

oo oo 



^' 2 



^ ^ '^n—mbm—N ^ ^ ^n—md]\f_m 
m=7V+i m=i 

oo oo 

E dl^Tn-N+m ~ E ^ M^M+n-N 
m=N+\ M=0 
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n-N 



m=i m=i 

and for > n > 



N~n-M 
oo n 

M=N-n+^ m=i 
n-i 

oo 2 

M=n+i A/=0 
N~n oo 

Analogously it is possible to show that for any positive or negative 

TNc~(T^)^ = C-_^ (4.12) 

T^C+(T^)t = (4.13) 

It follows from (ji^ and (jil^HO^ that the action of the transformation 

on the Hamiltonian ()2.64|) is given by 

H is not invariant under the action of but 

T^'HiT'^y = H- 

v2 

which means that H is invariant when restricted to the physical subspace. Note also 
that 

T^A3(T^)t = Xl 
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so that if XH^d) = then also A|]T^|(/?) = and 

v2 

In particular this means that the states 

\nN)=T^\^), Ar = 0,±l,±2,... 

are an infinite set of degenerate vacua. These states are clearly not gauge- invariant. 
Physically acceptable gauge-invariant vacua can be obtained by constructing super- 
positions that diagonalize the operators . Let us consider the states 

oo 
N=-oo 

known as ^ — vacua. We have 

oo 
N=-oo 

SO that \9) is invariant up to a phase factor under the action of T^^. 

The theory is also invariant [llj under the transformation R such that 

R^R-^ = ^/>t 
R(f)R-^ = -(f) 
RA^R-^ = 
RA^R-^ = -A^ 

corresponding to the SU{2) transformation [7=6*"^^^. 
The action of R on the fermion Fock operators is 

RbfiR ^ = dn 
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R(3nR — Sn 

RPnR~^ = —PN ■ 

As a consequence we have 

RC^R"^ = 

IXLyj^rL — —^]\[ ■ 

The gauge Fock operators transform as 

RA^R ^ = 
RA%R-' = -A% . 

Note that the state -R|0) is annihilated by all the destruction operators and, since 
i?^ = 1, we must have 

R\0) = ±|0) . 

Without loss of generality we may take -R|0) = |0). This relation, together with the 
transformation properties of the Fock operators, defines the action of R on all states. 
One can immediately see that the state \Q) is invariant under the action of R: 

R\n) = \n) . 

Let us consider now the action of R on the other vacuum states I^at) = T'^\Q). From 
the definition of the spurion operators (p. I?T|) it is not hard to see that 

Ri^R/lR'^ = (^R/L 

and it is straightforward to verify that 

RTR-^ = -T^ 
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and 

i?T^i?-i = (-l)^(Tt)^ = (-l)^T-^ . 
As a consequence, R interchanges \VLn) and |fi-Af) 

R\nN) = (-i)^|i]_jv) . 

By applying R to the ^-vacuum we obtain 

oo oo oo 

R\e)= J2 e-^^^i?|fi^)= e-*^V^-|f]^^) = X] e-*^(--'')|fi^) 

N=~oo N=-oo N=-oo 

and we see that only two values of the parameter 6 , namely ^ = ±|, give rise to 
states which are invariant under both the T and R residual symmetries. We therefore 
have two physically acceptable vacua, in agreement with refs. |21 11] [HI QI] ■ 
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Chapter 5 



THE CONDENSATE 

We want to use our results for the vacuum to obtain a perturbative evaluation of 

the gauge-invariant fermion condensate, defined as 

m ■ 

We have 

Tr^* - mi^i^R - = i ((t>L(t>R + i^^R - V'LV'l) 

and 



oo 



Ar,M=-oo 

Being a time-independent quantity, the fermion condensate can be evaluated at t = 0. 
Writing 

+ ... 

we have 



oo 



j,k N,M=-co 

where 

= T^|l]«) and = |0) . 

Explicitly 

= T^|0) = e-"^'^ {<yURf |0) ^ e-'W'V) 
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where 



l^> = 1 4_ 1 • • • /5t d{ |0) for > 

2 2 2 2 

1^) = 1 ^l- 1 • • • ^1 10) for iV < , 

2 ■''^ 2 2 2 

|0(1)\ _ V < JK_ \ ^3 t|Q{0)^ 



x/mZ _i 2A;n + m 

""2 



^2, A) oo oo / ^3 t 



V^-^ M^i _i \2A;m + S/cn + m 

"~2 



(0)v 



(2A;„ + 2A;M + m)2y'"^ 2A;„ + m 



,2 



2kj{2kp + 2/cj + m)2 



mL\^i 2{kn + m){2kn + m) ' 

"~2 

pt|„=i 2(2A;p + m)(2A;„ + m) ' ' 



oo oo 



, . {^p+n)'^ {^u+n)'^ {^p+n)'^ {^n+NY |q(0)\ 

+ 2. 2. + 2(2fcp + m)(2fc„ + m) ' ^ ^ 



, -y^ i\+Ny i^n-NV (C^P+nV {C^ti-nV |q(0)\ 

pi^^^tl 2{k^ + k, + m){2k^ + m) ' 



"2 

{Ap_]^y {Aj^_^^y {Cp_j^y {c^_^_j^y 

pi'oo^^i 2(/c„ + /cp + m)(2/cn + m) ' 



AT 

z i^K^ i- -f- in ) \z.Kn -f- in ) 

2 
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We define 



so that we can write 



N=-oo 



and 



1^) = 1^(0)) + 1^(1)) + 1^(2)) + 



5.1 The complex field contribution. 

Let us consider 

oo 

(e(°)|^l(0,x)^^(0,x)|^^W) = e^(*^-^)^n£Vi(0,x)^^(0,x)|fiS^) 

Af,Af=-oo 

From the bosonized expressions ()2.fi2rinK?|l we get 

= ^(0| (e .v^'^j (aian) |0) 

Using the relation 

e^+^ = e^e^e-^l^'^l if [A, B]=c- numb 



er 



we can write 



so that 



|es^ «|0) = (0|e ^^^^^o^ 0e"5^|0) = e" 
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and 

1 oo 



Analogously, from 



N=—oo 



we get 



-| oo 

Ar=— oo 



and finally 

1 oo 

{0^'^\i (V'i(0,x)V'ii(0,x) - 4(0,x)V'l(0,x)) = -- sin^e-^ 
Note that 



^ N=-oo 



N,M=-oo N,M=—oo N=—oo 

SO that the infinite sum over N disappears when we divide by the norm of the 
6*- vacuum: 

(e(o)|i(V'i(0,x)V'«(0,x)-4(0,x)V'L(0,x))|e(o)) 1 . , ^ 

— sin frp 2mi 

(^(o)|^(o)) ^smt^e 

One immediately sees that 

z (V'I(0,x)V'«(0,x) - 4(0,x)V'l(0,x)) I^W) = . 

Let us consider now 

oo 

(^«|V'i(0,x)V'i^(0,x)|eW) = E e^(^-^)^Q£Vi(0,x)V'«(0,x)|Q«) . 

Ar,M=-oo 
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We have 

+ (2A:„ + m)(2fc, + m) ^-M,n-N ^ 

Using the bosonized form for ip and the fact that 

e^B = Be^ + [A, B]e^ if [A, B]=c- number 
it is easy to prove that 

V^«(0,x)(C^)t = ((C^)t + e^'^-^) V^^(0,x) (5.4) 

Cl^jR^Q, x) = V^b(0, x) (C^, - e-*'^-^) (5.5) 

so that, considering that [ipL, C%] = , we have 

-e-^^^(fiff |^i(0, x)^«(0, x) (C5)t 11]^)) 
= (J-l)(fiS|^i(0,x)^^(0,x)|(]S)) 

and from (|5.1|) 

(fi£)|C5V^I(0,x)^«(0,x)(C5)t|fig)) = (J - l)^e-^<5M,^+i . (5.6) 

Let us consider now the + and — terms. 

The following commutation relations can easily be verified: 
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[hLCt] = [hn,C^] = Q (5.8) 
[hi, C-\ = rl^J{rn - + ^) + r„0{n - ^ + ^) (5-9) 

[dm-,C~]=rn+m (5.10) 

[dL^^n] = K,C+] = (5.11) 

[4, d = -^m-n^(m - ^ + ^) - rn-m^(n - m +\) (5.12) 

As a consequence 

[V'K,c-] = [V'i^,(c+)t] = o 

[V'L^^n1 = [V'L(C-)1=0. 



Therefore 



^ (2A;„ + m)(2)t, + m) ^P+M,n+Ar - 



^ (^^g|C;+M(gp++M)Vi(0.x)^^(0,x)|l]ff) 

(2A;j,+M-iv + m)(2A;j, + m) ^ 



and 



(Og|C,--MV'I(0,x)^fi(0,x)(C-_^)t|og)) ^ 
^ (2A;„ + m)(2A;p + m) ^P-M,n-iv 



- (i]avi(o,x)^^(o,x)c-_^(c-_^)t|i]W) ^ ^ 

fl (2/c„ + m)(2A;„+M-7v + m) 



Prom the fact that C^|0) = 0, by applying the unitary operator we can see that 

= T^Q±|0) = C;Ji^|l]SV 

We then have 

^n±iv(C'n±iv)^l^y) = ((C'^±Ar)^C'^±Ar + C'^iAT) (C'^iiv)^ ) I^V) 
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and, since Ci\nP) = -N\nP), 

C„^±iv(C„Wl^S^) = ^I^^SV (5.13) 

Therefore 

(Og|C,Wl(0,x)^^(0,x)(QV)t|oW) ^ 

n,p—^ 

_ - p(<Vl(0,x)^^(0,x)|l]ff) ^ _ 
£l (2A;p + m)(2A;p+M-7v + m) 

P— 2 

P— 2 



and 



1 oo 
__Z!_ V — ^ 
e 2mZ, > 



2L ^ (2A;p + m) {2kp+i + m) 

P—2 



JM,N+1 



^ (2A;p + m) (2A;, + m) ^P-M,n-iv - 



1 °^ // 

2L ^1 (2A;„+M-Ar + m)(2A;„ + m) 



"^2 



1 °° n 

- 2L^"^ 5 (2;t„+i + m)(2fc. + m) + '^'^^'^^^ = 



2 

1 . ^ n 



^ — e 2mL — ■ — — — ■ 5m,n+i 

"~2 

Finally we get 



(^-1)1 



J=l ^/Cj 
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Taking the complex conjugate gives 

2mL2 ^f^^ \ {2kn + m) (2A;„+i + m) 



j=i 2A;j ^ 



and therefore 

(V'i(0,x)V'«(0,x) -4(0,x)V'«(0,x)) I^W) = 

^ e ^ sm^ . (5.14) 



mL2 \ {2kn + m){2kn+i + m) 2kj 

"—2 

Let us calculate the contribution of 1^^^^) to the norm of |^). We have 



oo 



+ E 



(^M I Cp+M ( ^r!+ jV ) I ) 

i2k„ + m){2k, + m) 

n,p— 2 



and 



"■—2 

Let us consider now {9^^^\ijj\^{0,x)ijjii{0,x)\9^'^^) . The only term in that con- 

tributes to (fii^Vl(0,x)^R(0,x)|l]S^^) is 



^2 oo 



mL 5 2(A;n + m)(2A;„ + m) 
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and so 



((]£)|^I(0,x)^«(0,x)|l]g)) 



-,3 



[mL) i 1 2{2kp + m) {K + m) (2A;„ + m) "^'^ 



_ - (^SVp^M ((^g)^ - ^) ^I(0,x)^i,(0,x)(C„\^)t|nS^)) 
^1 2(2A;p + m) {k^ + m) {2kn + m) 

n,p— 2 



We can write 



^ (5.16) 

and 

(Oi^)|V^i(0,x)V^«(0,x)|f]g)) = 

(M-iV)^Vr - (<^|Cp-_^4(0,x)^^(0,x)(C-_^)t|l](^)) 



E 



mL2 [ 2(2A;p + m)(A;„ + m)(2A;„ + m) ''p-M,n-N 

n,p— 2 

_ (l^g|C+,M^I(0,x)^«(0,x)(C++^)t|l]ff) 

2{2kp + m){kn + m){2kn + m) p+^^-^+n 

n,p— 2 

■2mL3^ '""^ \ % 2(2A;„+i + m){kn + m)(2A;„ + m) 



. y P ^^^^^ 

P~2 



We also need 
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N 



{M-N)g^n( ^ (f]£)|C;_^4(0,x)^^(0,x)(C-_^)t|i7S)) 



E 



Op-M,n-N 



mL^ [ _i 2{2kp + m){kn + m){2kn + m) 

^ 2(2A;p + m)(A;„ + m)(2A;„ + m) ^f+^^.n+iv^ 



E 



mL^ i _i 2(2A;p + m)(/c„ + m)(2A;„ + m) 



Op-M,n-N 



n,p 



^ (iig|V'kQ,x)v>L(o,x)c;^^(c+^^)t|Qffl) 

^ 2(2A;j, + m)(A;„ + m)(2A;„ + m) 



(M-iVyvrfg p(l]S)|4(0,x)^40,x)|Og)) ^ ^^^^ 



mL2 [ ^ 2(2A;p + m){kp+N-M + iTi){2kp+N-M + tn) 

y n(l^SVl,(0,x)^^(0,x)|oS^)) ^ ' 

^1 2{2kn+N-M + m) (fcn + m) (2/c„ + m) ^ 

-e 2mi ()^^^_^^ <^ 2^ 



2mL3 \ ^ 2(2A;p+i + m){kp+i + m)(2A;p + m) 



P-2 

oo 



E 



2(2A;„ + m){kn + m)(2A;„+i + m) 

■' "2 

SO that 

(^(1) I ^ (^i(0, x)^^(0, x) - 4(0, x)^aO, x)) |^(^)) = 

"^^^ jv=^oo I „tl 2(2A;n+i + m) + m) (2A;„ + m) 



E 



n 



n- 



\ 2{2kn + + m){2kn+i + m) 



2 



„2 2 oo oo 

ivf^oo „tl 2 (2/Cn + m) {2kn+i + m) {k^ + m){kn+i + m) 



(5.17) 
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Moreover, since {6^'^'>\i (^■j/'J^(0, x)-?/'k(0, x) — ■?/'|j(0, x)-?/'l(0, x)^ l^*'^'*) can be obtained from 
this quantity by complex conjugation, we see that we must have 

(^(^) I i (V'iCO, x)V'i^(0, x) - V'kO, x)V'l(0, x)) |^(^)) 
= (^i(0,x)^R(0,x) - V^t^(0,x)^aO,x)) 1^(2)) . 

No contribution to the norm is given by (^^-^^1^^^^) and (^^^^|^^^^). As a matter of fact 



/ , : \71 : ! 7 Om,N 



mL^ I _i 2(2/c„_|_i + m){kn + m){2kn + ^) 



"-2 



E 



and therefore 



{ 2(2kn + m)(kn+i + m)(2kn+i + m) 



(^a)|^(2)) = (^(2)|^(i))^0. 



In order to calculate ^ (^^[(0, x)V'i?(0, x) - ^^(0, x)V'l(o, x)) 

it is convenient 

to write (fiS|Vi,(0,x)V'ii(0,x)|Qg^) as 

It is understood that ip is to be evaluated at (0,x). 
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One can verify that 



N /±± — 



m2L2, 4(2A;p + m)(2A;„ + m)(2A;, + m)(2A;, + m) ^^"±^.'±^^P±Afj±iv 

''iPi'^^iJ— 2 

+Sn±M,j±NSp±M,l±N) 



,(2), ,t / ,o(2)v _ ^ / ^ (Qg|C,tMC5V'IV'fl(C5)t(C4^)t|Qg)) 



mL2 jr^^ [ ^^^^ (2A;p + m) (2A;„ + m) 

/ 1 



{2kp + 2A;j + mf{2kn + 2A;j + m) 



E E 



n=-oo„_i (2/cp + m) 

I'— 2 



1 



V (2kjY(2kp + 2A;j + m) (2A;„ + 2k j + m) 
1 

^ {2kj) {2kp + 2kj + mf{2kn + 2kj + m) 
^ (2A; j) (2A;p + 2A;j + m) (2A;„ + 2A;j + m)^ ) 



pi;o„=i (2fc„ + m) 

V ^ 

V(2A;j)2(2A;p + 2k j + m)(2A;„ + 2k j + m) 
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{2kj){2kp + 2k J + mY{2kn + 2k J + m) 
+ {2k j) {2kp + 2k J + m) {2kn + 2A;j + m)2 ) 



(2kjy(2kp + 2kj + mf{2kn + 2A;j + m) 
~ {2kjy{2kp + 2k J + m){2kn + 2A;j + m)^ ) ^^'i^'"^^ } 

^ 4(A;p + m)(2A;p + m)(A;„ + m)(2A;„ + m) VM,n±iv 

n,p— „ 



m^L'^ ^ Jri^^x \ 4:{kp + kn + m)(2fc„ + m)(/ci + kj + m)(2A;j- + m) 



'n-M,j-NOp+M,l+N 



^A{kp + kn + m){2kn + m){ki + k^ + m)(2A;, + ^^'^n+M,i+NOp-M,j-N 
4:{kp + kn + m){2kn + Tn)(ki + /c^ + m){2kj + m) 
4(A;p + kn + m){2kn + m)(A;/ + kj + m){2kj + m) 



Jn-M,l-NOp+M,j+N 



'Jn+M,j+NOp-M,l-N 



The calculation of (Q^l Vi,(0,x)V'ii(0,x)|Qg^) can be simplified by noting that 

(n?)|V't(o,x)V'«(o,x)|o(2))<5^^^_^^. 
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As a matter of fact we can write 

and, since the product ipiipR is gauge invariant, 

Moreover, from 

[Dl^^Ji^^Jn]=^^JiiJn, [DlC''^]=0 and Dl\n^^^) = N\nP) 

we get 

Therefore, the states \^^m-n) ^'^'^ ^lV^rI^*'^'')) being eigenstates of the self-adjoint 
operator Dq with eigenvalues M — N and 1 respectively, must be orthogonal unless 
M -N = 1. 
We therefore have 

and using ()5.4|) . ()5.5|) we can write 

= {i + i5u-i){nf^\c'j,plMc'jm 
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and from 

i^^'^lC'jC^^lMChHC'jyiO) = [(/ + I5u - 1)(J - 1) - I5jj] ^e-^ . 
Therefore 

OO Q 



Let us consider now {Q^'^l ipi'ipRl^'''^'')- 
We have 



,o{2)|,t, io(2)\ >^ {nf^\c:^,c;^,^|JlMcUlyic:+lV\o) 

{q\'\^I^r\q' >)++ = -— ^ }^ 



m?L'^ _j 2(2A;p + m){2kn + m)(2A;p+i + m){2kn+i + m) 



"2 



m2L2 2(2A;p + m)(2A;„ + m)(2fcp+i + m)(2A;„+i + m) 



Using the commutators (|2. 42112 .451) . relation (|5.13|) and the fact that 
we can write 

+ + l)5p„)(C„\l)t|^]f)) 
= (np + n(n + l)5p„,)|fiS°)) + (cLpCpV - (C„V)t|fiS°)) 
= (np + n(n + l)5p„ - n) \nf^) + Ct,{C^^^ + {n + l)6np) 
= (np + n{n + l)(5p„ - n + {n - p)9{n - p) + 6np - [n + l)5„p) 
= (np + n'^6pn — n + {n — p)6{n — p)^ 
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and 



)(2)| /t / io{2)\ _ ""^ ^ np + n^5pn-n+ {n-p)e{n-p) 



Arn?L'^ {2kp + m) (2A;„ + m) {2kp+i + m) (2A;„+i + m) 

g^e J np — n 

Aw?L^ \ (2A;p + m){2kn + m)(2A;p+i + m)(2A;„+i + m) 

+ V V 

^1 ^1 (2A;p + m){2kn + m)(2A;p+i + m){2kn+i + m) 

2 ?'~2 



+ E 



1 (2A;„ + m)2(2A;„+i + mf\' 



The same result holds for (Qf^| V'lV'iil^^^^^)— ■ 
We then have 

)(2)u/,t^/,„|o(2)\ , , _ /o(2)| ,/,t 



(fiP|V'iV^R|l](2))3^ is given by 
^L'^hA 1 {2kp^m){2kp+i^m) \{2kp+j^my{2kp+j+i^m) 

1 \ 



{2kpj^j + m)(2/cp+j+i + m)^ 



(2/cp + m) \{2kjY{2kp+.j + m){2kp+j+i + m) 

P 2 

1 

4 



{2kj){2kp+j + my{2kp+j+i + m) 
1 



+ 



{2kj){2kp+j + m)(2A;p+j+i + m) 
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E 



(2/cp+i + m) V (2^ j) ^ (2A;p+ J + m) (2A;p+ j+i + m) 

1 



+ 



+ 



{2kj){2kp+j + m)2(2A;p+j+i + m) 
1 



(2A;j)(2A;p+j + m){2kp+j+i + my 

{n^^^\cpMMc'jV{ctV\o) / 1 



{2ki + m) \{2kj)^{2kj_i + m){2kj^ + m) 

1 



{2kj){2kj_i + mf{2kj^i + m) 



' 2 

1 



(2/c^)(2/c^_i +m)(2fc^+i +m) 

OO / n 



+ 



+ 



V(2/cj)3(2/cp+j + m)(2/cp+j+i + m) 
1 

{2kjY{2kp+j + m)2(2Vj+i + m) 
1 A 



(2kjf{2kp+j + m)(2A;p+j+i + m) 



OO 



+ 



+ 



{2kjf{2kj-p + m){2kj 
1 

(2A;j)2(2A;j_^ + m)2(2A;j 

1 \ 



{2kj)\2kj^p + m){2kj 



' ^2T2 /-^ 



■m?L'^ _i A{kp + m) (2/2^ + m) (/Cp+i + m) (2/i;p+i + m) 

P~2 
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We can write 
and we have 

73 



'{p - i)(j - 1) + e{j -p){J- 1)] (r^fVi^filo) 

-e{j-p){nf\c;^,ij{Mc])^c^-,-i\^)-o{J-p){^^^^ 
{p - 1)( J - 1) + 9{j -p)(j-p- 1)] {nf^ i^i^^jo) 

{p - 1)( J - 1) + J _ p)( J _ p - 1)] (fif) i^l^^io) 

(p - 1)( J - 1) + 0( J _ p)( J - p _ 1)1 i^l^^io) 



Let us evaluate (f^j^^ |C+ ^t/^^ V;h(<^I)"^|0). Using dEII) and (jO^ we get 



and since 



2L 



n=p+2 



(C_+)t|0) = 4(ro + rt)|0) 



we can write 
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2 



(0)L/,t 



and from (|2.28|) we can see that 



4L 



Note now that since 



we can write 



{n?\^|J[^|JR\0) = e~"'i 



ifc 1 X 1 



{nS°)|44|o). 



Therefore 



and finally 



2 



1 



2L 
1 

2L^ 



-g 2mL 



-g 2mL 



pj- J + l-p + ^^(J-p)(J-p-l) + -5^,p+i 



pj - J + 1 - p + e{j - p - - p - 1) 



(5.18) 



Moreover we have 
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and using ()5.18|) with p + 1 = J + ^ 

{^P\c'jCMMc'})\cty\o) = —{nPl^piUo) . (5.19) 

2 2 Z 

We also need 

= {nf'>\c^^,^lMc'j)Kcty\o)6^^, + e{j-p){j-p) 

JTj 2 2 

and from ()5.19p 

Finally, using (j5.16|) we get 



p 



Substituting these results into {^f^l '^pl^pR\^l^'^'')3+ and after some rearrangements 

P 2 

y I ( I 

^1 {2kp + m){2kp+i + m) V(2/i;p + 2k j + m)2(2A;p+i + 2A;j + m) 

P~ 2 



(2A;p + 2k J + m){2kp+i + 2A;j + m)^ 
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5 (2 Vi + ^) [i^kj^i^kp + 2kj + m) ^ {2kjY{2kp + 2fcj + m)2y 



-2m £ ^ 



\ {2kjf{2kp + 2A;j + m)(2A;p+i + 2k j + m) 



J 

^ {2kjy{2kp + 2A;j + m)2(2A;p+i + 2A;j + m) 

^ {2kj)^{2kp + 2k J + m){2kp+i + 2kj + m)\ 
m ( 2 1 



2(2A;i + m) V {2kjf{2kj_i + m) (2A;j)2(2A;^+i + m) 
2^(J-p)(J-p) 



oo 



-2m ^ 



\ \{2kjf{2kj^p + m){2kj 



{2kjy{2kj_p + my{2kj 



{2kj)''{2kj.p + m){2kj 



2m2L3 ^ 4(/cp + m) (2A;p + m) (/cp+i + m) (2/cp+i + m) 
Let us consider now the term (of ^ | '0L^ii|n(2))^_ . We have 

^ ^ ^+--m^Ln„±:'^fl4(2fcp + m)(2Vi+m)(Wi + ^)^ 

^ 2 

^1 ^1 4{2kn + m){2kp + m)(A;„+p+i 4 
_i _i 4(2fcp+i + m)(2fc„+i + m){kn+p+i + m 

"~ 2 "~ 2 

pi^oo 1 4(2/cn + m){2kn+i + m)(A;„+p+i + mf 

n— 2 



.+P+1 + m)2 
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Considering that 



and 

one gets 



+ ui) 

"—2 2 

^ {^?\ci,/,MctY{c-y\o) 



+ EE 



1 2(2A;„ + m)(2A;„+i + m){2kp + m){kn+p+i + m) 



+ E E 



E 



1 2(2A;n + m)(2A;„+i + m){2kp+i + m)(A;„+p+i + m) 



+ EE 



I A{2kp+i + m)(2A;i + m){kp^i + m)2 



+ EE 



[ A{2kn + m){2kn+i + m)(/c„+p+i + m)^ 



n=^p 



zTi „_! 4(2A;n + m)(2A;„+i + m)(A;„_p+i + m)^ 

P~2 2 

(QS°)|V'iV'ii|0) ^ g n(n + l)(QS°^|V'IV'ii|0) 

n= 



16(2A; 1 + m) (2A; i + m)'m? ^ 4(2A;„ + m) (2A;„+i + m)'m? 
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Since 



^ ^1 A{2kp + m)(2A;p+i + m)(Vn+i + m)^ 

2 

M°^|C^%iV'iV'«(C,-)t(C_+)t|0) 



n=7rp= 



+ EE 



1 4(2/cp + m)(2/cp+i + m)(/Cp_^i + mf 



+ E 



1 4(2/cp + m)(2/cp+i + m)(/cp_„+i + m)^ 

2 



-E 



1 A{2kp + m)(2/cp+i + m)m? 



J- 2 2 



"=2 P-2 

oo 



+ E 



1 4(2/i;p + m){2kp+i + m){kp-n + m)'^ 

2 



_i 4(2A;p + m){2kp^i + m)m? 

P~2 



we can write 



\ 1 I ^L^R\ /+ ^2^2 1 Z^^ Z^^ (2A;n + m)(2A;„+i + m){2kp + m)(2A;p+i + m) 

'"-~2 P~2 

"^2 2 

^1 2(2A;i + m){2kn + m)(2fc„+i + + m) 



^ 5 5 2(2/c„ + m)(2/c„+i + m)(2/cp + m){kn+p+i + m) 

"-2 P-2 

„ 1 1 2(2A;„ + m)(2/c„+i + m){2kp+i + m)(A;„+p+i + m) 

P~ 2 ^~2 

_j_ 2 "^2 

^1 2(2/c„ + m){2kn+i + m)(2/ci + m)(/c„+i + m) 
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4(2 Vi + m){2k. + m)( + m)^ 

- - (^if^l C^+p+iV'IV'ii(C^H-p+i)^|0) 
£l ^1 4(2A;„ + m)(2A;„+i + m){kn+p+i + m)^ 

'^'^ 2 P~ 2 

^1 ^1 2(2A;„ + m){2kn+i + m)(A;„_p + mf 
^1 2(2A;„ + m)(2A;„+i + m)(/c^+i + m)2 

n— 2 2 

16(2A; 1 +m)(2A; 1 +m)m2 



2 ^ 



2 2 2 



In order to calculate (^^i |(C^)ViV'R(C-)t|0) we use 




We have 
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and 



1 2 



We then have 



2 2 

V2L 2 
V2-L 2 2 

I V2L 2 2 



= -p(Qf)|V'iV'iiio) 



and 




Moreover 
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2 \ 2 J 1 2 



where ()5.18p has been used. 
Therefore we have 

,^(2), = r ^ ^ p{n + 1) 

\ 1 I^L^/^i?! ; + - 2m?L^ \^^^^{2kn + m){2kn+i + m){2hp + m){2kp+i + m) 

^ 2(2A;i + m){2kn + m)(2A;„+i + m){k^^i + m) 

oo oo 

_ y y P 

^ ^ 2(2fc„ + m) (2A;„+i + m) {2kp + m) {kn+p+i + 



-2 ''-2 

oo oo 



^1 ^1 2(2/c„ + m){2kn+i + m)(2A;p+i + m)(A;„+p+i + m) 

P~2 ""2 

r» _ 1 

-E ^ 



4(2^1 + m){2k. + m)(A;p+i + m) 



^ 5 5 4(2/c„ + m)(2A;„+i + m){kn+p+i + w 

"~2 P~2 

^ ^ (n-p-l)g(n-p-i) 
^ 1 1 2(2A;„ + m)(2A;„+i + m)(A;„_p + m)^ 

P~2 "■~2 



+ E 



7t 4(2A;„ + m){2kn+i + m)(A;„_^i + m)2 



1 n(n + l) 

16(2A;i +m)(2A:i + m)m? 2{2kn + m){2kn+i + m)m'^ 



A —JI— ( OO OO 



2m2L3 1 ^ rl (2fcn + m)(2/c„+i + m){2kp + m)(2/cp+i + m) 
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oo oo ^ 



2(2A;„ + m)(2kn+i + m)(kn+p+i + vaf 

P~2 "~2 



+ E 



1 2(2A;„ + m)(2A;„+i + m)(A;„+i + m)^ 

2 '' 



1 n(n + l) 



16(2A; 1 + m)2m2 2(2A;„ + m) {2kn+i + m)m^ 



Collecting all the terms that contribute to (^^'^^^|i;^/'|^(0,x)t/'R(0,x)|6''^^)) we obtain 



^^^^ ivt^oo (2M^((2M^ 



^1 (2A;p + m)(2 + m)(2A;j)3 

P— 2 

V ( 1 



-4m 5^ ^ 



iZl (2^p + rri){2ky^x + m) V(2A;p + Ikj + m)'^{2kp+i + 2k j + m) 

1 \ 



+ 



+2mEE 



(2A;p + 2 A; J + m){2kp+i + 2kj + m)^^ 
2 



jJi 1 (2A;p+i + m) V(2A:j)3(2A;p + 2k j + m) 



{2kjy^{2k^ + 2kj + m) 



83 



oo oo / <2J 

-4m X] E y {2kjf{2kp + 2A;j + m) (2A;p+i + 2A;j + m) 

P— 2 

J 



+ 



{2kjY{2kp + 2A;j + m)2(2A;p+i + 2A;j + m) 
J 



{2kjy{2kp + 2A;j + m)(2A;p+i + 2k j + m)V 

~ m / 2 1 ^ 

+ j^, {2k. + m) [{2kjr{2kj_. + m) + {2kjY{2kj^^^ + m)^^ 

CXD CX) / 



-4m US' 



+ E 

oo 

+ E 



V(2M^(2A:j-p + m)(2A;j 

-p+i + ^) 

"~ 2 

0{J-P){J-P) 
{2kjY{2kj_p + mY{2kj 

9{J-p){J-p) \ 

{2kjY{2kj_p + m){2kj 

1 2{kp + m){2kp + m)(A;p+i + m)(2A;p+i + m) 
2np — n + (n — p)9{n — p — |) 



1 (2A;p + m){2kn + m)(2A;p+i + m)(2A;„+i + m) 



+ E 



{ (2A;„ + m)2(2/c„+i +m)2 



oo oo ^ 



+ EE 



"=2P-2 



\ ^ 2(2A;„ + m){2kn+i + ni){kn+p+i + mf 
{n-p-l)e{n-p-\) 



oo oo 

+ y V — 

^ ^1 2(2A;„ + m)(2A;„+i + m){kn-p + m) 

P~ 2 2 



+ E 



2(2fc„ + m)(2fc„+i + m)(/c„ , 1 + mf 



"2 



1 n(n + l) 



16(2A; 1 + m)2m2 ^ 2(2A;n + m) (2A;„+i + m)w? 
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Finally we have 



where - - and 

{9^'^^\i{'4}{^R - ^r'iPl)\0^'^^) are given by JOl) , (Fl4jl (jOTjl . 

Let us calculate (6'(2) |6'(2)). We have 

A OO Q 

= -^^MA. E^ {2hf{2kjf + 
~ 72 1 2^ TolTTsToTTTs ~'~ 



/o(2)|o(2)\ _ ^ A 

\i%|i%;±± - ^2^2^M7v^^2_,^^^^2A;„^m)(2A;p + m)(2fc,+m)(2fc, + m) 

J 



^2^2 2{2kp + mf{2kn + m) 



,4 



f^MAf E 



- (0| C^Uc^VCt ± Ctp + n6j{Ctm 



^2^2 2(2A;p + m)2(2A:„ + m) 



^4 oo^ np + n'5„,±{0\(CtpC^TC^)iC^V\0) 



J 



^2^2 ™- 2(2A;p + m)2(2fc„ + m) 



(yf^ ^ np + n^6np — n + {n — p)6{n — p) 

Omn 2^ 



^2^2 2(2A;p + m)2(2/t„ + m)2 

p,n— „ 
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3 



_2^g (o|c;c5(c;)t(c5)t|o)^ 2 , 1 



- (o|c5c;(c5)t(c;)t|o) / 2 1 

(2A:p + m) \2kj{2kp + 2A;j + m)^ ^ (2A;j)2(2A;p + 2A;j + mf 



+ 



1 



(2A;p + 2kj + m)3(2A;j)2 

j=i 



/I 

-4m E/o|c5(c;).c;(c3).|o) (^-^^^^^^^-^^^ 



3 

1 \ 



4(A;p + m)2(2A;p + m)2 



(-2A;p + 2A;j + m)3(2A;j)2^ 



where 

(o|c;c5(c;)t(c5)t|o) = (o|c;(c;)tc5(c5)t|o) - (o|c;(c+ ,)t(c5)t|o) 

^ pj- (o|c;(c^)t(c+ ,)t|o) - (o|c;(c;)t|o) 

= pj — p + 6{p — J){p — J) 



{Q\c;c]{c])\c;m = (o|c;c](c7;)t(c])t|o) - (o|c;c7](c;+,)t|o) 

(o|c;c5(c;)t(c5)t|o)+p 
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= {o\c;c'j{c;)\c'j)^\o)+p + j-{p + j) 

= (o|c;c5(c;)t(c5)t|o) + J 
(o|c5(c;)tc;(c5)t|o) = (o|(c;_,)tc;_,|o) = ^(j-p)(j-p) 



so that 



^2^,2 ^ ^2kp + mf{2kp + 2k j + m)^ 



oo 



J: 



V (2A:p + 2A;j + my{2kjf (2kp + 2k j + mf{2kj) 



2 



,^^( 0{J-P){J-P) 0{J-p){J-p) 



2kp + 2kj + m)2(2A;j)3 (-2^;^ + 2kj + m)3(2A;j) 

^ pJ-p + g(p- J)(p- J) 
"^f^, {2kp + my{2kjf 

P ] 



A{kp + m)^{2kp + my 



/o(2)|o(2)\ ^ ^ V f (0|^ng;(gp+r(Q-ri|0) , (0|C-(C-rC;(Q')t||0) 



n,p= 
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, (o| c~c;{c;)\c-m + (o| ci^Sc;)Kc-m 

^{kp+n + my{2kn + m){2kp + m) 

, (o| c-c;{c;)^{c-m + (o| c-c;{ci^j\q) 

^{kp+n + my{2kn + m)(2A;p + m) 

, (o| Cn gp+(Cp+)nCn )^|o) + (o| c-c;{ci^M 

A{kp+n + mY{2kp + m)^ 

(0| gp\n(gp+)nQ-)^|0) + (0| Cl^niCl^nm 

A{kp+n + mY{2kp + mY 

(o|c;(c+)tc+(c;)t|o) | 

V [ (n-p)^(n-p-l) 
m?L'^ ^1 \(2A;p + m)2(2A;„ + mf 2{kn-p + mf{2kn + mf 

n,p— 2 

n 

^ 2m?{2kn + mf ~ {kp+n + m)(2A;„ + m){2kp + m)2 

^ + P 1 

4( + my{2kp + m)2 j 

^ / {n-p)e{n-p-l) 

m2L2 \(2/Cj, + m)2(2A;„ + m)2 2(A;„_p + m)2(2A;„ + m)^ 

n,p— 2 

' 2m2(2A;„ + mf ^ 2( + mf{2kn + mf J 

Finally we get 



OO OO 



pj-p + e(p-j){p-j) 
p 



-8m EE 



-1 (2^p + mf{2kp + 2/cj + m)^ 

P~2 



and 



-8m EE 



J 



+ 



J 



\ {2kp + 2kj + mf{2kjf {2kp + 2kj + mf{2k 



P-2 

OO oo 



-8m EE 



0{J-P){J-P) 



+ 



e{J-p){J-p) 



:! J=l 



-2A;p + 2A;j + mf{2kjf {-2kp + 2kj + m)'\2k. 



+ E 



p 



+ E 



n 



p-2 

oo 



I2{kp + my{2kp + my (2A;„ + m) 



„ 2np — n + (n — p)^^(?7. — p — |) ^ 



n 



p,n= 



+ E 



{2kp + my{2kn + my 
{n — p)6{n — p — \) 



\2w?{2kn + my 



+ 



n 



2{kn-p + my{2kn + m)^ 2{kp+n + m)2(2/c„ + m 



where and are given by Q and (fHj[H|l . 



We now need to evaluate -^-^^fj^y^- We expand obtaining 



g 2n g mJ 



E 



2n 



mJ 



\{2kn + mY f^,2ky 



-E 



oo 

E 1) U-( E 1) (^^^^1^^^^) 



E 1 (^^'^1^^'^) 



2 
-1 



Af=-oo 



-1 



JV=-oo 



. Af=-oo 



\ N=-oo 

SO that we can write 



, N=-oo 
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\N=—oo ' ' 



-2 

oo 



^N=-oo 

-1 

oo 



iAr=-oo 



and 



sine {e\e) 

m2L2 I (2A;„ + m)2(2A;p + mf{2kp+i + m) 

2n ^ 4m ^ 4mJ ^ 4A;„ 



3 



; (2A;„ + m)2 (2A;j)3 {2kjf {2K + mY{2K+i + m) 

^ 4mJ 4m ^ Sm^ ^ 16mV 

Amp ( 1 



+ EE 



_1 (2A;p + m) {2kp + 2k j + m)\ {2kp+i + m) {2kp+i + 2k j + my 

1 

^ {2kp+i + m){2kp+i + 2k j + m){2kp + 2k j + m) 
2 \ 



{2kp + m) (2kp + 2k j + m) 
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^ ^ 2m / I 1 ' 

~ hihi + m){2kp + 2k J + m){2kj)^\{2kp + 2k j + m) ^ k] ^ 



OD OO 



^ ^1 {2kp + 2kj + m){2kjf \ 2kj{2kp+i + 2kj + m) 

1 1 



(2A;p+i + 2k J + m)2 (2/i;p+i + 2k j + m) (2A;p + 2k j + m) 
2 2 \ 



2kj{2kp + 2kj + m) {2kp + 2kj + m)^ J 

{2ki+m){2kj_i+m){2kjf \{2kj_i+m) ^ kj) 

Ame{J-p)iJ-p) / 2 

1 :ti (-2^p + 2A;j + m){2kjf \2kj{-2kp_i + 2kj + m) 

1 1 

+ ^^, ^ + 



2kp-i + 2kj + m)2 (-2A;p_i + 2kj + m){-2kp + 2A;j + m) 
2 2 \ 



2kj{-2kp + 2kj + m) {-2kp + 2kj + mf J 

pj - J + e{J - p){J - p) f 1 1 



- w 

_ij^i{2kj)^ {2kp + m) \2kp + m 2kp+i + m^ 

8m -p+l-OiJ -p-l)-l5j ^ 



P-2 



i J^i C^kjf {2kp + m) (2/cp+i + m) 
p / 1 



~'~ ^ 2(/cp + m) {2kp + m)\ {kp + m) {2kp + m) (/^p+i + m) {2kp^i + m) 
^ 2^2^ ^1 (/Cp + m)(2A;p + m){kp+i + m){2kp+i + m) 

P~2 

^ ^ 2np — n + {n — p)6{n — p — \) ( 1 



{2kp + m){2kn + m) \{2kp + m){2kn + m) 

1 \ 



+ E 



(2/cp+i + m){2kn+i + 
/ 1 1 \ 



; {2kn + m)2 V (2A;„ + mf (2kn+i + m)^ 
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oo 2 / 1 1 

+ E 



-E 

oo 

+ E 



n 



{ 2{2kn + m)(2A;„+i + m)m^ 

{n-p)e{n-p-\) ( 1 



oo oo 



1 2(kn-p + mY{2kn + m) \2A;„ + m 2kn+i + 
0{n-p-\) 



^ ■? 5 2(2A;n + m){2kn+i + m){kn-p + m 

P~ 2 



+ E 



n- I 



{ 2{2kn + m)(2A;„+i + m){k^,i + mf 16(2A;i + mfm? 



'"—2 

OO oo 



2 



+ EE " 



_t ^ 2(2/c„ + m) V(^p+n + mY{2kn + m) (/Cp+n+i + m)2(2/c„+i + m) ^ 
mL I ^1 (2A;„ + m)\2kn+i + m) {2kjf J 

^knP 

w?L^ \ {2kn + mf{2kp + m)2(2A;p+i + m) 

n,p—^ 

^ 2n ^ 4m ^ 4mJ ^ 4A;„ 
+ E , .2 E + E TTTCT E 



oo 



1 {2kn + m)2 (2A;j)3 f^-^ {2kjf (2A;„ + m)2(2A;„+i + m) 



^ 4mJ 4m ~ Sm^ ^ IGmV 

4mp / 1 



+ EE 



_1 J^i (2^p + m)(2A;p + 2k j + m) V(2A;p+i + m){2kp+i + 2k j + m)^ 

P~2 

1 

^ (2A;p+i + m){2kp+i + 2k j + m){2kp + 2k j + m) 
2 \ 



(2kp + m) {2kp + 2k j + m) 



2 



2m / 1 ^ 

(2Vi + + 2k J + m){2kjy[{2kp + 2k J + m) ^ kj ^ 



2 
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% j^^ {2kp + 2kj + m)(2fcj)2 \kj{2kp + 2kj + m){2kp+i + 2kj + m) 



p= 



{2kp + 2k J + m){2kp+i + 2k J + mf {2kp + 2k j + m)^{2kp+i + 2k j + m) J 
^f^i {2ki + m){2kj_i + m){2kjy\{2kj_i + m) ^ kj) 
L ^1 hi + 2A;j + m){2kjY \{-2kp + 2A;j + m)(-2Vi + 2A;j + mf 

1 



kj(-2kp + 2k J + m){-2kp_i + 2k j + m) 
2 \ 



{-2kp + 2kj + my{-2kp_i + 2kj + m)J 

16m kpj — kj + 6{J — p){kj — kp 



EE 



+ EE 



iy^A^hT {2kp + m)^{2kp+i + m) 
m —p+l — 6{J—p — l) 



P-2 



oo oo 



p-2 



-E 



i 7^1 {'^kjf {2kp + m){2kp+^ + m) 
Am 



{2kj,^lf{2kp + m)(2 + m) 

+ ? ^-^ ( ^ + ^ 1 

^ 2(A;p + mf{2kp + m)(2A;p+i + m) V(2A;p + m) (/cp+i + m) y 

P— 2 

^ 2^2^ ^1 (/Cp + m)(2A;p + m){kp^^ + m){2kp+i + m) 

P~2 

^ AknP - 2kn + 2{kn - kp)e{n " P - |) / 1 1 



P."- 2 



1 (2A;p + m)(2A;„ + m)2(2/cp_|_i + m) Y(2A;p + m) {2kn+i + m) ^ 



;t (2A;„ + m)3(2A;„+i + m) \ (2A;„+i + m) (2/c„ + m) _ 



-E 



! 2m(2A;„ + m)2(2A;„+i + m) 
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n,p=r. 



1 ^ 2(2A;„ + m)(2A;„+i + m){kn-p + my 



P=2 '^-2 



^ n- I 1 

+ > h 



+ EE 



{ 2{2kn + m) (2A;n+i + m) 1 + m)^ 16(2A;i + m)2m2 



-"1 2(2A;„ + m){2kn+i + m){kp+n + V(^p+'i + "^)(^p+n+i + 

2 P~ 2 

1 2 

+ 



Combining the terms that contain divergent series we get 

m2L2 I ^ (2A;n + m)^ {2kp + m)2(2A;p+i + m) 
~ 2n ~ 4m 



2 

CO 



+ E 



I (2A;„ + m)2;^, (2A;j)3 

4:knP-2kn + 2{kn- kp)9{n-p- I) f 1 



(2A';p + ni){2kn + rny^{2kp^i + rri) y {2kp + r;i) (2A;„+i + ni) 

p,n— ^ 



oo oo 



a J^i (2fe^)^ (2fep + m)(2A;p+i + 



2 



>7M fen ^ 8p 

m2L2 \ {2kn + mf {2kp + my{2kp+i + m) 



^ g 4m 



;1 (2A;„ + m)2(2fc„+i + m) (2A;j)3 



"—2 

OO I, OO 



+ E .o/_:^^2 E 



^1 (2A;„ + m)2 ^ (2/!;^ + m)2(2A;p+i + m) 



_^ (2A;p + m)(2A;p+i + m) (2A;„ + m)2(2A;„+i + m) 

P~ 2 2 
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^ g -2K9{p-n + \)-2kpe{n-p-\) f 1 ^ 1 



'i (2A;p + m) {2kn + m)2(2A;p+i + m) \ {2kp + m) (2A;„+i + m) 



m2L2[ ~ (2A;„ + m)2(2A;„+i + m) (2A;p + m)2(2A;p+i + m) 

"~ 2 2 



3 



{2kn + m)2(2A;„+i + m) f^^ {2k j) 

- "2 

^ g -2M(p-n + |)-2A:/(n-p-|) / 1 ^ 1 



_ 1 (2/cp + m) {2kn + my{2kp+i + m) \ {2kp + m) (2A;n+i + m) ^ 



which is convergent. 

We therefore have the following finite result 



{e\i{i;[^n-i'^i^L)\0) 

m 



~ sm Be 2mz, i 1- 



E 



4:kr, 



-E 



+ E 



1 (2fc„ + m)2(2A;„+i + m) (2fcj)3 

2 

{ (2kn + m)2(2A;„+i + m) (2kp + mf{2kp+^ + m) 

4:kr,. 



kr, 



^ 4m 

2 



E 



Sm^ 



^ 4mJ ^ 

j=i (2A^V)3 ±1 (2^n + ^)'(2fcn+i + m) {2kif{2kjf ' j^, {2kjY 



+ EE 



Amp 



1 



1 (S/Sp + m){2kp + 2/cj + m) V(2A:p+i + "^)(2Vi + 2A:j + m) 



+ 



1 



(2/cp+i + m)(2/cp+i + 2/i;j + m)(2A;p + 2k j + m) 
2 \ 



(2A;p + m)(2A;p + 2k j + m) 
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hi hi + m){2kp + 2k J + m){2kjy \{2kp + 2k j + m)^ kj^ 



"2 



Y^Y^ ^mkj f 1 

^ j^^ {2kp + 2k J + m)(2A;j)2 lvA;j(2A;p + 2k j + m)(2A;p+i + 2A;j + m) 

1 2 



{2kp + 2k J + m) {2kp+i + 2k J + m)2 {2kp + 2k j + m)^{2kp+i + 2k j + m) J 

{'2ki+m){2kj_i+m){2kjy \{2kj_i+m) ^ kj J 

_7r ^ ^ 8m^(J-p)(J-j9) / 1 

L^ihi + 2k J + m)(2A;j)2 V(-2A;p + 2k j + m)(-2Vi + + m)^ 

P~2 

1 



kj{-2kp + 2k J + m){-2kp-i + 2k j + m) 
2 \ 



+ 



1 ^1 C^kj)^ {2kp + my{2kp+i + m) 
8m l-9{J-p-l) 



-2kp + 2k J + mf{-2kp_i + 2k J + m)J 

IQm kpJ - kj + e{J - p){kj - kp) 

OQ OO 

^ 5 S (2M^ (2A;p + m){2kp+i + m) 

^ 4m 

"fl (2A;^+i)3(2/cp + m)(2/c,+i + m) 

+ y ( — - — + — ^ — 1 

^ 2(A;p + mf{2kp + m)(2A;p+i + m) V(2A;p + m) (/Cp+i + m) y 

Svr^m ^ 7; 

H > 

2g'^L ^ (A;p + m)(2A;p + m)(A;p+i + m)(2A;p+i + m) 
P 2 

-2kJ{p-n + \) ~2kpe{n-p-\) ( 1 1 



P^2 

00 



+ E 



p,n-2 



1 (2A;p + m)(2/c„ + m)2(2A;p+i + m) \(2/cp + m) (2A;„+i+m)^ 



(2A;„ + m)^ (2/c„+i + m) V (2/Cn+i + m) (2/c„ + m) _ 
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-E 

oo 

+ E 



n 



\ 2m(2kn + m)2(2A;„_|_i + m) 



".P-2 
oo oo 



1 (A;„_p + m)2(2/c„ + m)2(2A;„+i + m) 
6'(n — p — I) 



5 ? 2(2fc„ + m)(2A;„+i + m)(A;„_p + m)^ 



+ E 



n 



+ 



\ 2{2kn + m){2kn+i + m){k^^i + m)^ lQ{2ki + mYm 



oo oo 



+ EE 



1 



+n+l ~l" ITT') 
P~2 



1 



+ 



{kp+n+1 + {kp+n + m) (2/c„ + m) ^ 



By studying the large-L behaviour one can see that, while several terms go to zero, 
others diverge with L. The divergent behaviour is expected since it is found also in the 
expansion of the factor multiplying the exponential e~2^ in the finite-L condensate 
for the Schwinger model. In that case, the full nonperturbative result has a finite 
limit 

Setting g = my/n we can see that the condensate takes the form of msin6'e~2;^ 
multiplied by a function of the product mL that goes to a pure number, if convergent, 
in the large-L limit . We therefore find that, as in the case of the Schwinger model, 
the condensate is proportional to the coupling constant. 

Disregarding contributions that vanish as L goes to infinity we get the following 
estimate for the large-L behaviour of the condensate 
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- — ■ — - — — — — - ~ m, sm ae 2mL \ \ — 



A standard technique to estimate a series at infinity is that of Pade approximants[TB] . 
The method of quadratic approximants gives the following function 



-1 + Jl + 4x3(a + [a? + h)x^ 

= — - — 

which has the power series expansion 

f{x) ~ a + hx^ . 



For our case 



127r ^ .P Svr Y 

I iV 1^1 



Stt^ \y .p) att^ y J5 

X = mL . 

For < a; < oo / is between —0.426 and 0.427. It is therefore likely that the number 
multiplying m sin 6 in the condensate is within this range. But nothing definite can be 
said about the accuracy of this result. Since we can only form one approximant, we 
cannot test for convergence, even empirically, and there is no mathematical theorem 
giving a bound on the error that is made with this approximation. A similar procedure 
for the Schwinger model gives a correct estimate of the order of magnitude, with an 
asymptotic value of about 0.45, while the correct value is about 0.28. In all likelihood 
our number is of order 1. 
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5.2 The real field contribution 



It is easy to see that 



(0)\ 



so that 



N=-oo 



(5.20) 



Note that the non- vanishing of (O|0^0^|O) breaks chiral invariance in free theory. 
This is an effect of the boundary conditions that vanishes in the continuum limit. We 
also have 



(fiSl04o,x)0^(o,x)|nj^O 



3\ I . (O^L(O,x)0«(O,x)(C5)t|O) 
Omn \ — -^rn 



mL 



j=i 



(2A;j) 



+ E 

oo 

+ E 



(0|C+(/>,.(0,x)</)^(0,x)(C+)t|0) 
{2kn + m)2 

(O|C-0z.(O,x)0^(O,x)(C-)t|O) 
{2kn + mf 



From (IT^ , (fZITTj) and we get 

-| oo 

[C0^(O,x)] = [{h\_J{N-n)+dn-Ne{n-N))e-^'-- 



N=l 
Y oo 



E ^ri+NG 



N=0 



= -e-^'="^V'lj(0,x) 

and [C^, 0l(O, x)] = , so that 

(O|C+0L(O,x)0«(O,x)(C+)t|O) = (O|0i(O,x)0«(O,x)C+(C+)t|O) 

-e-'=-(O|0^4(O,x)(Ot|O) 
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It is easy to see that 

e-^-(O|0^4(O,x)(C+)t|O) =e-'=-(O|0^4(O,x)4(ro + rS)|O) = (O|0^0^|O) (5.21) 
and 

(O|C+0i(O,x)0^(O,x)(C+)t|O) = (n - l)(O|0j^|O) . 
From we get 

[C-,0«(O,x)] = ^ (4_„^^(iV-n) + 6„_^0(n-iV))e-'=-^ 



2-^ N=l 

-| oo 

+ -= b^+^e^'^-- 
= e-^'="^^/.«(0,x) 

and 

We also have 

e-'=-(O|0^^^(O,x)(C-)t|O) = -l=(0|<?^6„(ro + rt)6t |0) = -{0\4>Jr\0) (5.22) 
so that 

(O|C-0^0^(O,x)(C-)t|O) = (n-l)(O|0^0^|O) . 
Since [C^, (/)ij/L(0, x)] = we can finally write 
(^«|0i(O,x)0K(O,x)|0«) = 

, o o ^ oM ^ -4m J ~ n-1 1 



Af=-oo 



mL [ j^^ {2k jf ^1 (2A;„ + m) 
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(l]g|0L(O,x)0K(O,x)|fig))3+ is given by 
(Qg|0L(O,x)0R(O,x)|ng))3+ = 5Miv(n(2VL(O,x)0^(O,x)|Q(2))3+ and 



10^(0, x)0^(O,x)|f](2)) 



3+ 



g' ^^g (o|c;c50,(o,x)0^(o,x)(c5)t(c;)t|o) 



m2L2 ^ [ (2A;p + my{2kp + 2A:j + m) 

P 9 



OO 



(o|c;c50ao,x)0;,(o,x)(c;)t(c3)t|o) / 



2 



—2m 

f^^ {2kp + m) \2kj{2kp + 2kj + mY 

1 A 

+ 



{2kj)^{2kp + 2kj + m) 



(O|C5c;0^(O,x)0^(O,x)(C5)t(c;)t|o) / 2 



1 

+ 



{2kjY{2kp + 2A;j + m)2 

-4mE(O|g5gp+'/'L(O,x)0^(O,x)(C;)t(C5)t|O)( ^^^ ^ ^ 
j=i 

4 



(2A;p + 2A;j + m)2(2A;j)3 
1 \ 



{2kp + 2kj + mf{2kjY 
-4m£(O|CKgp")VL(O,x)0^(O,x)C;(Cg)t|O) f^_^^ ^ ^ 



-2A;p + 2A;j + m)2(2A;j)3 
1 \ 



(-2A;p + 2A;j + m)3(2A;j)^ 

(o|c;0^(o,x)0«(o,x)(c;)t||o)) i 



4(A;p + mY{2kp + m)^ 



We have 

(o|(:7;(:750^0«(C75)t(c;)t|o) = (O|(/)i0«c;c5(c5)t(c7;)t|o) 
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The state Cj^Cj(Cj)^(C+)^|0) is an eigenstate of Hq with eigenvalue zero. Therefore 
we must have 

Since C+ and Cj are bihnear in the fermion operators the term (ro + rl)dp in C+ 
contributes only together with its adjoint in {CpY, giving a factor (ro + rj)^ = 

o o 

2(0i?)^ = ^ . Therefore 0^ is not present in C+Cj(Cj)''^(C+)''^|0) and we can conclude 
that 

(o|0^0«c;c5(c5)t(c;)t|o) = (o|<?J«|o)(o|c;c5(c5)t(c;)t|o) . 

Applying the same argument to all the terms in (Q^^^ |0i0i?|Q(^^)3+ we can write 



r_ ^ -e-^^-(0|</>,aMtc3(c3)t(c>+)t|o) 



3 



(2A;p + m) V2A;j(2A;p + 2A;j + m)3 



1 



(2A;j)2(2A;p + 2A;j + m)^ 



^ ^^-(o|0LC5(^^)t(c5)t(c;)t|o) / 2 

(2A;p + m) V2A;j(2A;p + 2A;j + mf 



1 

4 



+4m E e-'=^^(O|0^C](^«)t(C;)t(C5)t|O) 
j=i 



(2A;j)2(2/cp + 2A;j + m)2^ 

(2A;p + 2A;j + m)2(2A;j)3 
1 



+ 



(2A;p + 2A;j + m)3(2A;j)^ 
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oo / 1 

^{-2kp + 2kj + mf{2kjyj 

e-^>^^^o\Mi'B:yic+y\o) 1 

We have 

-e-^'''-{0\M^R)^C'j{C'j)\c;y\0) ^ 

= e-^'=^^(O|0^ ((C^)t - e^^^^^) (V'i.)^(C;_,)t|0) - J{0\}Jn\Q) 

= -e-^^--^(O|0i(^«)t(C;_^)t|O) - J = (-^(p - J) - J)(O|0^<?«|O) 

^{-e{p-j)-j + i){o\}Mo) 

= -e-^'^^-{0\M^nyCj{Cjy{C;y\0) - e-'=^+-^(O|0^(^«)t(C5)t(C;)t|O) 
= (-^(p - J) - J)(O|0j«|O) - e-^^^+^^(O|0^ ((C5)t - e''^-) (V'«)^(C;)t|0) 
= (_^(p_ j)_ j + l)(O|0^0^|O) 

-e-^^^^(O|0^C5(V^«)t(C;)t(C^)t|O) = 

= (-^(p - J) - J + l)(O|0j^|O) - e-^*^^'^(O|0^(V'«)t(C5 + e-^'niCUj^lQ) 
= {-9{p- J)- J +1){0\}mQ) 
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= -eiJ-p){o\4>Mo) 

where ()5.2H) and ()5.22|) have been used. 
We can now write 



^^^^ „ 1 I J^i (2^p + my{2kp + 2kj + m)^ 

-e{p - J) - J + 1 / 2 1 



p= _ 

oo 



—Am ^ 



jz'i 2kj{2kp + m){2kp + 2kj + m)^ \2kp + 2kj + m 2kj 



{2kjY{2kp + 2A;j + m)2 \^2fcj 2A;p + 2kj + 



+4my M + 1 



j=! {2kjY{-2kp + 2A;j + m)^ \2fcj -2kp + 2fcj + 
1 1 



A{kp + mfi2kp + mf J 

-6{p - J) - J + 1 



.4 



P~2 



OO oo 



+ E E ^ 

J = l J: 



; (2A;p + mf{2kp + 2A;j + m)3 



+4™y 1 

-h^m^^ 07..^ 



j='i (2A;j)2(-2A;p + 2fcj + m)^ \2fcj -2kp + 2fcj + 



A{kp + my{2kp + m) 
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Let us consider now {fl]J\4>L{0,x)4>ii{0,x)\flj^ )±± 



,n(^)ufn urn Mn(^h ^7^5m^ ^ (O|C+C+0z.(O,x)0^,(O,x)(C+)t(C+)t|O) 

(QV|0L(O,x)0ij(O,x)|QV)++ = — — - 2^ 



(o| c:c,+0^0«(o,x)(c;)t(c:)t|o) = 

(0| C+0^0^(O,x)C;(C;)t(C+)t|O) - e-^'^^{0\ C+0^V'J,(O,x)(C;)t(C+)t|O) 
= (0| <?L0K(O,x)CC;(C;)t(C+)t|O) - e-^'=-(0| <?^^k0,x)C;(C;)t(C+)t|0) 
-e-'=^^(O|0^VkO,x)C+(C;)t(C+)t|O) 



^4^^^ ^ e-^-(O|0^^i(O,x)C;(C;)t(C+)t|O) 



E 



{2kp + mf{2kn + mf 



= e-^'="^(0| <?^4(0,x)(C;)tc;(C)^|0> + (P - l)e-^"^(0| <?iV'i(O^|0) 

= e-'="^(o| 0^4(0, x)(c,+)t ((Ct^)t |o) + (p - imkk\^) 

= (p5n,p + p-l)(O|0i0R|O) 

+e-'^-^(n - p - ^) [(0| 4>L {{CUy - e^'-^^) V^L(C;)t|0) + (0| 0^4(C+)t|O)" 
= (p<^n,p+p-l) (O|<?i,0H|O> 

so we have 



(l]£VL(O,x)0ij(O,x)|l]S^))±± = 
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(2)\ 



E 



p — 1 + p6. 



n,p 



(Q£VL(O,x)0fl(O,x)|Qg))+_ is given by 
/o(2)u m u m ^io(^)\ [ (0| C-c;0^(O,x)0^(O,x)(c;)t(C-)t||o) 



^ (O|C^VA(O.x)0i..(O,x)(C;)t(C-)t|O) ^ (O|C-C,+0^(O,x)0^(O,x)(C^\Jt|O) 
4(/cp+„ + m)2(2A;„ + m){2kp + m) 4(A;p+„ + m)2(2A:„ + m){2kp + m) 

, (o|c-c;0ao,x)<^^(o,x)(c^\jt|o) ^ (o|(g3^„</,^(o,x)0^(o,x)(c;)t(c-)t|o) 



4(A;p+„ + m)2(2A;p + m)^ 4(A;p+„ + m)2(2A;p + m)^ 

(0| C,\>4O,x)0^(O,x)(C3^Jt|o) ^ (o| C-(C-)t0^(O,x)0^(O,x)C-(C-)t||O) 
4:{kp+n + mY{2kp + m)^ ^{kn~p + m)'^{2kn + m)^ 

^ (o|c;(C)VL(o,x)0K(o,x)c+(gp+)^|o) l 

4(A;p_„ + m)2(2/cp + m)2 J 



(o| c-c;04o,x)0«(o,x)(c;)t(c-)t|o) = -e-^'=^^(o| c-<?^V'L(<:^p+)^(c-)^|o) 

+e-^'="^(0| 4>r.i^nC^{C^)\C-y\0) + (0| <?i<?«C-C;(C;)t(C-)t|0) = 

+e''=-(o| 0^v^«(c| + p)(c-)t|o) + (o| kkc-c+ic+yic-yio) 

= e-^'^^(0| (C;)t0^4|O) + (e-^'-(0| <?^^i^(CJt|o))* = (0| J^|0) 
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so that 

(O|C-C;0aO,x)0«(O,x)(C;)t(C-)t|O) = -{n + p){0\4>M0) 
We then have 

(o|c-c;0^(o,x)0^(o,x)(c,%jt|o) = {oikkc-c^iclJ^'lo) 

= (0| }Jj,C-C;iC'^^J\0) - e-'="-(0| 0^z^«(C-)t|O) - (0| J«|0) 

= (o| 0L0iiC-c;(c^\jt|o) = (o| J«|o)(o| c-c;(c|+jt|o) 

Taking the adjoint we get 

(oi c',+nMo,^)Mo,^)ic-ymc-y\o) = (oi 4>Jr\o){o\ (oi c',uc^ymc-y\o) . 

Also 

(0| C^±(C,±)V4O,x)0«(O,x)C,±(C^±)t|O) = 

= (0| (±C^^_„ + n5„^)0i(O,x)(/)K(O,x)(±C^_p + n5„J|O) = 

= (O|0j^|O)(O| C±(C±)tC±(C±)t|0) 

Therefore 

(f}£VL(o,x)0K(o,x)|i]g))+_ = (fi£)|i7g))+_(o|0j«|o) 

g^^MNjnU 1 ln\ ?!^^ 

^^U|0^0^|U) 2^^ (2fc„ + rn)2(2A;, + m)2 

n,p— 2 

and (^^(2)|^^(o,x)0k(O,x)|^(2)^ 

°° o o 

(^(2)|0i(O,x)0^(O,x)|^(^))= ^ (O|0^(/)«|O)(^(^)|e(^)) 

Ar=-oo 
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^9* /nu ^ ln\ V- / « ^ -S(p-J)-J+l 

f~2 



OO OO 



1 



^ ^1 ^1 {2kp + mf{2kp + 2A;j + mf 

~ /I 1 



j=i {'2kj)^{-2kp + 2kj + mf \2kj -2kp + 2kj + 

2p-2 + 2p5n,p 



- E 



A(kp + mY{2kp + mf {2kp + m)^(2kn + mf 

2n ] 



- E 



n,p= 



1 {2kn + my{2kp + my 



It is easy to see that (^(^)|(/)l(O,x)0r(O,x)|^(2)^ ^ 

To normalize the real field contribution we write 

!.i(O,x)0«(O,x) 



+ 1 E ll |(^^«|0l(O,x)0«(O,x)|^W)-(O|0^0«|O)(^«|^«) 



^N=-oo 

-2 

OO 



E 1 (^^'^1^^'^) 



kN=-oo 

-1 



iW=-oo 



(^«|04O,x)0«(O,x)|^«) - (O|0^0«|O)(^W|^W) 

+ (^^ E 1 1 ^ (^(')|0l(O,x)0«(O,x)|^(^)) - (O|0X|O)(^(^)|^(^))' 
so that 



(g|0.(O,x)0^(O,x)|g) ^ OO o o ^ 1 

+ 7±T-2(^\^M^)\ E + E JT^T-T^T, E 



^22,2V"i-^^-^«i"/ I \^ (2A;5 y ^1 (2/c„ + m)2 j (2/Cp + m)2 
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^ ^ f ^ -0{P -J)-J+l 

OO -j^ 

5i {2kp + my{2kp + 2kj + mf 

f^^ {2kj)^{-2kp + 2kj + m)2 \2kj -2kp + 2kj + 

1 ^ 2p-2 + 2p5n,p 



A(kp + mf{2kp + mf {2kp + mf{2kn + mf 

2n 1 



-E 



(2A;„ + m)2(2A;p + m)2 j 

2 



mL _ 1 (2/c„ + m)2 

"■—2 

0^ o o ^ r ^ 1 



^2^2 X / ^ {2kj^^_,r{2kp + 

OO 2 
I Q-m \ ^ 

j^^ {2kp + mY{2kp + 2k J + m)3 
^ 1 (I 1 



{2kj^p-.f{2kj_. + m)2 V2A;j+,_i 2A;j_i + 
1 g -2 + 2p(5„ ] 



A{kp + m)^{2kp + {2kp + m)^{2kn + mf J 

Finally, for the contribution of the real field we get 



{e\e) ' ' \ mL (2kn + my 

, 9' 



"2 

,4 



m'^L'^ 



OO OO -1 



P-2 



i j^i (2fcp + mf{2kp + 2A;j + m)= 
1 



^^'^^J^A^kj^,-\?{2kj_.+mf 



f^ 1 f^ -2 + 2p5„,, 



A{kp + mf{2kp + m)^ (2^;^ + my{2kn + m)^ 

p— 2 P)"— 2 
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and it is not hard to verify that it goes to zero in large-L hmit, as one might have 
expected considering that this contribution is an artifact of the breaking of chiral 
invariance in free theory due to the zero modes. 
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Chapter 6 
CONCLUSIONS 

The following questions arose in the development of our study: 

1. What is the algebra of the Lagrange multiplier fields and how do they determine 
the physical subspace?[T2] 

2. Can the symmetries of the classical Lagrangian be implemented in the quantized 
theory? 

3. Can one formulate the problem in such a way that the vacuum and the conden- 
sate can be calculated using perturbation theory? 

4. How many vacuum states does this model possess? 

5. Can one estimate the condensate for large values of L, at least for some range 
of couplings? 

We have given the following answers: 

1. The commutators relating the different colour components of the Lagrange mul- 
tiplier have been calculated and the subsidiary condition has been clearly ex- 
pressed in terms of Fock operators. 

2. The existence of an operator implementing the residual gauge symmetry of the 
classical theory is not compatible with a representation of the gauge fields in 
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the indefinite-metric Fock space of non-interacting gauge bosons. The residual 
symmetries can be implemented if are quantized in a positive-metric Fock 
space. 

3. While in the Schwinger model the nonperturbative contribution to the vacuum 
is given by the zero mode of only, in the non-abelian case considered here the 
different symmetry properties of the free and interacting gauge theories do not 
allow a truly perturbative approach for the nonzero modes of the gauge field. 
On the other hand, if we pay our respects to the principle of gauge invariance 
when removing the ultraviolet divergences from Fermi operator products, we 
obtain, besides the normal-ordering prescription of the free fermion theory, an 
extra term reflecting the gauge symmetry of the interacting fermion. Including 
this term in the unperturbed Hamiltonian allows us to evaluate the vacuum 
using perturbation theory, while the state we perturb about, together with the 
residual gauge transformations that give rise to the non-trivial structure, bring 
along nonperturbative effects. 

The vacuum obtained in this way satisfies the subsidiary condition to the rele- 
vant order. 

4. In accordance with previous studies we found two vacuum states j2] [Ij [H] • 

5. We have a given a rough estimate of the condensate in the large-L limit. It 
would be interesting to be able to compare this result with a lattice calculation 
of the condensate. 

It might be worthwhile to consider the theory with colour-symmetric boundary 
conditions, that is with all three components of the gauge field periodic and all three 
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components of the Fermi fields antiperiodic. That would eliminate the undesired 
presence of the zero mode of the real Fermi field, responsible for a nonzero condensate 
even in free theory. The treatment of the gauge fields would presumably be more 
complicated but it would be interesting to study the problem of their quantization 
with a colour-symmetric approach. 

It might also be interesting to study the one-particle states perturbatively and, in 
particular, verify whether the expected relation ~ //(^|Tr^^|^) ( where // is the 
bare fermion mass) holds or not. 
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